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HOLOMORPHIC DISKS AND THE DISK POTENTIAL FOR A
FIBERED LAGRANGIAN
DOUGLAS SCHULTZ
Abstract. We consider a fibered Lagrangian L in a compact symplectic
fibration with small monotone fibers, and develop a strategy for lifting J-
holomorphic disks with Lagrangian boundary from the base to the total space.
In case L is a product, we use this machinery to give a formula for the leading
order potential and formulate an unobstructedness criteria for the A∞ alge-
bra. We provide some explicit computations, one of which involves finding
an embedded 2n + k dimensional submanifold of Floer-non-trivial tori in an
2n+ 2k dimensional fiber bundle.
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1. Introduction
One of many fundamental problems in modern symplectic topology is finding La-
grangians that are non-displaceable. In other words, one can ask which Lagrangians
cannot be completely moved from themselves under a Hamiltonian flow. To Ob-
struct such a displacement, one typically defines a type of cohomology theory, called
Lagrangian Floer theory.
Lagrangian Floer theory, by its very nature, it extremely hard to compute. The
complexity stems from the fact that one typically wants to count isolated holomor-
phic curves, i.e solutions to the Cauchy-Riemann equation, and often the moduli
space of solutions is not smooth or of an expected dimension. To circumvent this
problem, one perturbs the equation in some manner. The perturbation process
changes what one would expect to be holomorphic and often ruins any intuition.
In this paper and its siblings, we attempt to make the computation problem
easier by developing a theory for fiber bundles as in classical algebraic topology.
Such an approach is taken in the various flavors of Floer theory as in [Per; Rit14;
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BK11; Hut08; Amo17; Oan06; Oan08; BO13] and Sodoge’s thesis with this same
notion in mind. The underlying question that we answer is: Let (F,LF ) and (B,LB)
be two symplectic manifolds resp. Lagrangian submanifolds with well-defined and
non-trivial Lagrangian Floer cohomology. Can we construct a product Lagrangian
LB × LF in the fiber bundle E with base B and fiber F and such that LB × LF
has well-defined and non-trivial Floer cohomology? We try to keep the overarching
assumptions (e.g. monotonicity, rationality) loose.
Let E be a compact, smooth fiber bundle
F → E → B
where the base and fibers are equipped with a symplectic structure (F, ωF ) resp.
(B,ωB). For the purposes of this paper, we take the following definition:
Definition 1.1. A symplectic fibration is a fiber bundle as above equipped with a
symplectic form ωE on the total space such that
(1) ωE |F = ωF and the transition maps preserve the fiberwise symplectic form,
and
(2) the connection H := TFωE⊥ has holonomy in Hamiltonian diffeomorphisms
of the fibers.
By Chapter 1 in [GLS96] and the generalization [MS17, Thm 6.4.1], the holonomy
assumption provides a closed 2-form a on E with
a|TF = ωF ,
H = TF a⊥,
and such that a(v], w]) has fiberwise zero average where ] indicates the horizontal
lift of vector fields from the base. The form a is called the minimal coupling form
associated to H. One can place a symplectic form on E
ωH,K := a+Kpi
∗ωB
where K >> 1 so that the form is non-degenerate in the horizontal direction. Such
a symplectic form is called a weak coupling form.
A Lagrangian in (E,ωH,K) can sometimes be realized as a “lift” of a Lagrangian
LB ⊂ (B,ωB): In a fiber pi−1(p) ∈ pi−1(LB), one looks for a Lagrangian LF that can
be made invariant under parallel transport over LB (see Lemma 2.1 and Definition
1.4). A simple example to keep in mind is the projectivization
P1 → P(O ⊕On)→ P2
where L is a “section of great circles” invariant under the S1 holonomy above some
moment tori in P2.
In [Sch], we gave a crude way to compute the Lagrangian Floer cohomology
of a fibered Lagrangian by mimicking the idea of the classical Leray-Serre spectral
sequence of a fiber bundle. For applications this was unsatisfying for several reasons:
it is hard to compute the higher pages of the sequence unless one has information
about all of the holomorphic disks in the base up to a sufficiently high index.
Moreover, it was still hard to decide when L was unobstructed, i.e. if the natural
Floer operator δ satisfied δ2 = 0. We give solutions to both of these problems in
the present paper.
We use a version of Lagrangian Floer self-cohomology based on that of Biran-
Cornea’s pearl complex [BCb]. Roughly, one picks a Morse-Smale function on L
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and attempts to define a Floer differential that counts “pearly Morse trajectories”,
or Morse flows interrupted by boundary marked J-holomorphic disks. In order for
such a count to be defined, one must perturb the ∂¯ equation somehow so that the
Moduli space of such trajectories is smooth of expected dimension with an expected
compactification. We accomplish this in [Sch], and explain the results in Section 4.
To make the Floer theory manageable, we have technical assumptions on the
Lagrangians and their ambient symplectic manifolds. Recall that a symplectic
manifold (F, ωF ) is called monotone if ∃λ > 0 so that∫
S2
u∗ωF = λ
∫
S2
u∗c1(TF )
for all maps of spheres u : S2 → F . We say that a symplectic manifold (B,ωB)
is rational if [ωB ] ∈ H2(B,Q). For the main results of this paper, we consider a
special class of symplectic fibrations. Precisely, let G denote the structure group of
the fibration in Definition 1.1 and assume the action of G on F is effective, and let
JF be a tamed almost complex structure on (F, ωF ).
Definition 1.2. We say that (F, ωF , JF ) is a G-invariant triple if ωF is G-invariant
and JF is GC invariant, where GC is the complexification.
An example of such is Pn with the Fubini-Study form, G = Tn, and JF as the
integrable toric structure.
Definition 1.3. A symplectic Ka¨hler fibration is
(1) (Monotone/Rational) a symplectic fibration
F → E pi−→ B
where (F, ωF ) is monotone, (B,ωB) is rational, E is equipped with the
symplectic form
ωH,K = a+Kpi
∗ωB
for some minimal coupling form a associated to a connection H,
(2) the structure group G is a compact Lie group and holonomy in the connec-
tion H is G-valued, and
(3) (Ka¨hler and G-invariant) (F, ωF , JI) is a G-invariant triple with JI an in-
tegrable complex structure.
Items (2) and (3) will allow us to holomorphically trivialize pullbacks of the
fibration in Section 5, which is important for lifting disks from B to E.
Remark 1.1. Items (2) and (3) make this definition finer than that in [Sch], where
we consider fibrations as in (1.1) with Hamiltonian holonomy around contractible
loops and only the monotone/rational assumption. The latter fibration is only
guaranteed to have structure group contained in Ham(F, ωF ).
We say that a Lagrangian LF ⊂ F is monotone if there is a constant α > 0 so
that ∫
C
u∗ωF = αµ(u)
for all maps of disks u : (D, ∂D)→ (F,LF ), where µ(u) is the Maslov index.
We say that a Lagrangian LB ⊂ B is rational if the set{∫
D
u∗ωB |u : (D, ∂D)→ (F,LF )
}
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is a discrete subset of R.
Definition 1.4. A fibered Lagrangian in a symplectic Ka¨hler fibration is a La-
grangian L ⊂ (E,ωH,K) that fibers as
LF → L pi−→ LB
with LF ⊂ (F, ωF ) a monotone Lagrangian with minimal Maslov index ≥ 2 and
LB ⊂ (B,ωB) a rational Lagrangian. Further, we require that LB be equipped
with a relative spin structure and LF a spin structure.
To derive the disk potential, we will also need L to be a product:
Definition 1.5. An ambiently trivial fibered Lagrangian in a symplectic Ka¨hler
fibration is a fibered Lagrangian together with a fiberwise Hamiltonian trivialization
of pi−1(LB) ∼= F × LB and such that L ∼= LF × LB in this trivialization.
We will use the above term and trivially fibered Lagrangian interchangeably.
An example of trivially-fibered Lagrangian is as follows: Let Flag(C3) be the
manifold of full flags {
V1 ⊂ V2 ⊂ C3 : dimC = i
}
By forgetting V1, we get a fibration
P1 → Flag(C3)→ P2
that can be equipped with a weak coupling structure induced by the symplectic
structure as a coadjoint orbit. Let Cliff(Pk) ⊂ Pk be the Clifford torus fiber repre-
sented by the barycenter of the moment polytope of Pk. In Subsection 9.1, we find
a Lagrangian
Cliff(P1)→ L ∼= Cliff(P1)× Cliff(P2)→ Cliff(P2)
by symplectically trivializing the bundle pi−1(LB) with a result from [GLS96] (The-
orem 9.1). Moreover, one can realize this particular fiber subbundle as Lagrangian
with respect to any flat, trivial symplectic connection, so that L can be seen as
topologically trivial but having a integer “Dehn Twist” in the fiber factor that is
induced by the connection. We show that the Floer cohomology of L with field
coefficients is non-zero and recover a result of [NNU10] from a very different per-
spective. In Subsection 9.3, we do a similar thing in the manifold of (initially)
complete flags.
So far, we haven’t stated any Floer theoretic results, but to entice the reader
we give a consequence of the machinery that we develop which is slightly less
common. Indeed, in the compact case there are only a handful of examples of
continuum families of non-displaceable Langrangians in the literature [FOOO08]
[Bor13] [Via18] [TV18] [WW13] and few others. Among other things, we show that
there is a real codimension 1 embedded family of non-displaceable Lagrangians in
a compact symplectic fibration of arbitrary real dimension at least 4. Let Oi be
the complex line bundle over Pn with Chern number i and holomorphic structure
arising from the sheaf of degree i homogeneous polynomials.
Theorem 1.1. There is a symplectic fibration structure on
Pk → P(O ⊕Oi1 · · · ⊕ Oik)→ Pn
such that there is a embedded family of pairwise disjoint trivially fibered Lagrangians
Lα1...αn parameterized by B(0) ⊂ Rn with pi(L0) = Cliff(Pn) that are non-displaceable
by Hamiltonian isotopy.
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The total dimension of the family as a submanifold is 2n+ k. In particular, for
k = 1 we have the aforementioned real codimension 1 family. As far as the author
knows, we only have such a bound on the codimension in ambient dimension 4 as
given in the above references.
The essential reason for this is as follows: For a non-Clifford torus moment
fiber we have HF (L,F) = 0 where F is a Novikov field, due to the fact that
Maslov index 2 disks have unequal area (for instance, see [FOOO10, Ex 5.2]). We
show that for each of these disks contributing to the potential function, there is a
distinguished vertically constant lift that contributes to the potential of Lα1...αn ,
and the symplectic area of these disks in the total space depends on the holonomy
of the symplectic connection around the boundary. By changing the holonomy we
can make it so that the areas of the lifted disks become equal in the total space. We
then run a typical argument of finding a unital critical point of the representation
to show HF (Lα1...αn ,F) 6= 0.
As suggested by Vianna and Rizell in conversation, this method of deformation
is likely a special case of the “dual” of bulk deformations as developed in [FOOO08].
Thus, it is likely that one can achieve a similar result with the bulk machinery. It
still appears to be open as to whether one can find an open set of non-displaceable
Lagrangians in the compact smooth case (c.f. the closed orbifold case in [WW13,
Ex 4.11]).
1.1. Floer theoretic results. We show that the leading order terms in the poten-
tial defined in the context of Fukaya-Oh-Ono-Ohta’s A∞ algebra [FOOO09] can be
written as a sum of the potentials from the base and fiber. To describe the result,
let us work with Biran-Cornea’s pearl complex [BCa] defined over a Novikov ring
with C coefficients. Let t be a formal variable and define the ring
(1) Λt :=
{∑
i
cit
αi |ci ∈ C, αi ∈ R≥0,#{ci 6= 0, αi ≤ N} <∞
}
Let f be a Morse-Smale function on L that is adapted to the fibration structure,
i.e. it is a sum of functions pi∗b + g with b Morse on the base and g|pi−1(Crit(b))
Morse. We can label the critical points yij where xj := pi(y
i
j) is critical and fixing
j describes all of the critical points in the fiber. Define the Floer chains to be
CF (L,Λt) :=
⊕
x∈Critf
Λt · x.
Let MΓ(L,D, y0, . . . yn)0 denote the moduli space of pearly Morse trees on L
of index 0 with limits y1, . . . yn along the leaves and y0 along the root (see figure
3.1). In Section 4 we discuss why one can find a comeager set of domain dependent
almost complex structures adapted to the fibration that make this into a smooth
manifold of expected (zero) dimension and realized as a part of the compactification
of a higher dimensional moduli space.
Choose a group homomorphism ρ ∈ Hom(pi1(L),Λ×t ) and for a disk class [u] ∈
H2(L,Z) let Holρ(u) denote the evaluation of ρ on u|∂D, and
e(u) =
∫
u∗ω
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the symplectic area. The A∞ maps for a Lagrangian L are defined as
νnL,ρ : CF (L,Λt)
⊗n → CF (L,Λt)(2)
νnL,ρ(y1 ⊗ . . . yn) =
∑
y0,[u]∈MΓ(L,D,y)0
(σ(u)!)−1(−1)
∑
i i|yi|ε(u)Holρ(u)te(u)y0.(3)
where y is shorthand as above, | · | denotes degree in a relative grading, ε(u) = ±1
depending on the orientation of the moduli space, and σ(u) is the number of interior
marked points on u required to map to a symplectic divisor as in [CW][CM07].
The fact that these actually satisfy the A∞ axioms is a standard result due to the
compactness result 4.2 and we discuss this in Section 6.
The potential of L is defined as ν0ρ and viewed as a function of ρ. It lives
at the heart of Floer cohomology in the sense that it is both an obstruction to
(ν1)2 = 0 as well as a means of computation of the cohomology in the unobstructed
case [FOOO10]. In the later situation one can sometimes show that the Floer
cohomology is isomorphic to the Morse cohomology of L at a critical point of ν0ρ .
In this article, we only consider the low degree terms of the potential ν0ρ , and
then use an implicit function theorem argument to solve order-by-order for a critical
point ν0ρ . The lowest degree terms are called the leading order potential and we will
denote it
W1L(ρ) :=
[
ν0ρ
]
degt=Jx
where
Jx =
{
e(u) : e(u) = min{e(v) : v ∈M(E,L, x)0}
}
i.e. the minimal energy terms for each output critical point. In the fibration
context, a critical point of the leading order potential may be degenerate for the
following reason: the size of the fibers can be varied and the disks contained in a
fiber become the lowest order terms as K grows, leaving out information from the
base. Thus it is natural to consider first and second order terms:
Definition 1.6. The second order potential for a symplectic Ka¨hler fibration is
(4) W2L(ρ) :=
∑
u∈Ix
x∈crit(f)
(σ(u)!)−1ε(u)Holρ(u)te(u)x
where for each x
Ix =
{
u ∈M(E,L, x)0 |e(pi ◦ u) = 0
}
⋃{
u |e(u) = min
v∈M(E,L,x)0
{e(v) : e(pi ◦ v) 6= 0}
}
Such a definition counts the holomorphic disks contained in a single fiber, in
addition to those with minimal total energy among the homology classes with non-
zero base energy.
To compute the second order potential in the trivially fibered case, we develop a
lifting operator L that lifts pearly Morse trajectories from (B,LB) to configurations
in (E,L). In particular the lifted configurations are covariant constant with respect
to some symplectic connection and have output as the “top of the fiber”, i.e. the
unique maximal index critical point for the vertical (negative) Morse flow.
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To this end, let
(5) ν0LB ,ρ =
∑
xi,[u]∈MΓ(B,LB ,xi)0
(σ(u)!)−1ε(u)Holρ(u)teB(u)xi
be the potential for LB ⊂ B where eB(u) :=
∫
C
Ku∗ωB . The A∞ algebra for LB
is well defined by the rationality assumption as in [CW], as this allows the use of
a stabilizing divisor and domain dependent perturbations to achieve transversality
and compactness. For each critical point xi, let x
M
i be the fiberwise maximal index
critical point for −g|pi−1(xi). The lifted potential is
(6) L ◦ ν0LB ,ρ =
∑
xi,[u]∈MΓ(B,LB ,xi)0
(σ(u)!)−1ε(u)HolLB (Lu)teB(u)+ev(Lu)xMi
where ev(Lu) :=
∫
C
Lu∗a is the vertical symplectic area and L is a vertically con-
stant lift of u with output xMi . We show the existence, uniqueness, and regularity
of such a lift in Theorem 5.3, as well as establish the fact that the lifts live in a
moduli space of expected dimension 0. Moreover, we show in Proposition 5.3 that
one can choose an orientation on LF so that L is orientation preserving. Let
(7) ν0LF ,ρ =
∑
xi,[u]∈MΓ(F,LF ,xM )0
ε(u)Holρ(u)t
ev(u)xM
denote the 0th order structure map for LF ⊂ F , which is a multiple of the maximal
index critical point xM by monotonicity (e.g. see [BCb; FOOO10], etc.).
Let iM : F → E denote the inclusion of F as a fiber above the maximal index
base critical point xM , and take the included potential to be
(8) iM∗ ◦ ν0LF ,ρ =
∑
[u]∈MΓ(F,LF ,xM )0
ε(u)Holρ(u)t
ev(u)xMM
We prove the following recipe for computing the second order potential
Theorem 1.2. Let E be a compact symplectic Ka¨hler fibration and L a trivially
fibered Lagrangian. Let (PΓ)γ be a choice of regular, coherent, C
∞ perturbation
datum as per Theorem 4.1 and Theorem 5.3. For K large enough in the weak
coupling form, the only terms appearing in the second order potential for L are the
vertically constant configurations with output a fiberwise maximum and horizontally
constant configurations in the maximal critical fiber
(9) W2L(ρ) =
[
L ◦ ν0LB ,ρ
]
degt=Kx
+ ixM∗ ◦ ν0LF ,ι∗ρ
where for each generating critical point x, we have
Kx = min
{
e(u) : [u] ∈M(E,L, x)0, pi ◦ u 6= const.
}
with e(u) =
∫
C
u∗(a+Kpi∗ωB).
In the general situation, the most important consequence of this theorem is an
unobstructedness criterion. We say that the A∞ algebra of L is weakly unobstructed
if ν0L is a multiple of the maximal index critical point. By monotonicity, it follows
that LF ⊂ F is always weakly unobstructed, and thus Theorem 1.2 implies that L
is weakly unobstructed if LB is. To justify the name of this definition, in Section 8
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we show a result that is similar to that in the literature (c.f. [FOOO10, Thm 4.10]
[CW, Prop 4.36]):
Theorem 1.3. If ν0LB is a multiple of the unique index zero critical point of b
on LB and (B,LB) has no holomorphic disks of Maslov index < 2, then there is
deformation (νnL,w) of the A∞ algebra of L such that (ν
1
L,w)
2 = 0. Moreover, if
ρ is a non-degenerate critical point of (9) and H∗(L,Λt) is generated by degree 1
elements, then there is a representation ξ ∈ Hom(pi1(L),Λ×t ) such that
H(CF (L,Λt), ν
1
ξ,w)
∼= H∗(L,Λt).
By a “deformation” of an algebra νn we mean the A∞ algebra defined by
νnw(x1 ⊗ . . . xn) :=
∑
i0,...in∈Z≥0
νn+i0+...in(w⊗i0 ⊗ x1 ⊗ w⊗i2 ⊗ . . . xn ⊗ w⊗in)(10)
and in the context of Theorem 1.3 we show that we can deform (CF (L,Λt), ν
n) to
an A∞ algebra-with-strict-unit as in [FOOO09, Ch 3] and that there is a solution
w to the weak Maurer-Cartan equation.
Theorem 1.2 and its corollary answer the aforementioned shortcomings of the
spectral sequence from [Sch].
We close the introduction with some technical comments. The reason for the
trivially fibered assumption in Definition 1.5 is evident in a single Proposition 5.2.
Any disk u : (D, ∂D)→ (E,L) induces a section u˜ of (pi ◦ u)∗E (assuming pi ◦ u 6=
const), and a symplectic trivialization of pi ◦u∗E gives a “loop of LF ’s” over ∂D as
in [AS01]. The vertical Maslov index is defined as the Maslov index of u˜ as a map
into F . We show non-negativity of this index in the trivial case, where the proof
also leans heavily on the fact that the fibers are monotone. The non-negativity
allows us to deduce that the projections of configurations from the potential of L
appear in the potential of LB . On the other hand, u˜ is equivalent to a map into F
which satisfies the perturbed ∂¯-problem with moving boundary conditions
∂¯JF ,j u˜+X
0,1
δ (u˜) = 0(11)
u˜(eiθ) ∈ L ∩ Fu(eiθ)(12)
where Xδ is one form that is Hamiltonian vector field-valued which prescribes the
parallel transport on the bundle (pi ◦ u)∗E [Section 3.3, c.f. [Gro85; AS01]]. In
general, solutions to this can have negative Maslov index, in which case u will have
negative vertical Maslov index.
Of course, transversality is extremely crucial in Floer theory. We show in [Sch]
and summarize in Section 4 that one can achieve transversality for the Moduli
spaces of disks in the total space by considering the pullback of a stabilizing divisor
pi−1(DB) ⊂ E and using (lifts of) domain dependent almost complex structures
based on [CW17; CW; CM07]. For configurations which might be contained in a
single fiber, we rely heavily on the fact that the fibers are monotone.
To lift a disk v : (D, ∂D)→ (B,LB), we use an idea by Donaldson [Don92] that
applies heat flow and flattens the connection over v∗E. The transformation over
the boundary of a disk is guaranteed to be G valued by Donaldson, so boundary
conditions are preserved. Once the connection is flat, we pick a covariant-constant
section (hence the vertically constant terminology) and show that it is holomorphic
in E. Moreover, we show transversality for such a section for any fiber almost
complex structure; this argument is base upon the argument for transversality of
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constant disks. As a corollary, we get an existence result for the moving boundary
problem (11) in case the Hamiltonian connection is G-valued, where the covariant-
constant condition says that we’ve found a periodic orbit of δ that is contractible
along a family of periodic orbits. Such a solution is most likely non-constant if the
loop of Lagrangians {L∩ Fv(eiθ)} is not isotopic to the constant loop (and we note
that the lifting result in Section 5.2 does not need the trivially fibered assumption).
1.2. Outline. Section 2 gives the background on symplectic fibrations and the
construction of an adapted Morse flow on fiber bundle.
Section 3 gives a precise definition of the domains for the pearly Morse trees and
sketches the perturbation system from [Sch]. We summarize the transversality and
compactness results that we need in Section 4.
Section 5 is the beginning of the original content for this paper, where we develop
a lifting operator and prove some results on the index.
We define the invariants in Section 6 and prove Theorem 1.2 in Section 7.
We compute the mentioned examples, including Theorem 1.1, in Section 9.
1.3. Acknowledgments. Part of this paper is the second chapter of the author’s
thesis. As such, I want to thank Chris Woodward for suggesting such an interesting
program and providing guidance along the way. My thanks go to Nick Sheridan for
his help with many of the computations, the observation and relevance of Remark
9.1, the proof of Theorem 8.1, and his many other insightful comments. I thank
Renato Vianna and Georgios Rizell for helpful discussions relating to Theorem 1.1
and bulk deformations. I thank Jean Gutt for a helpful discussion about solutions
to the moving boundary problem (11). Finally, I would like to thank David Duncan
and Denis Auroux for illuminating discussions about the flag examples.
2. Symplectic fibrations
To proceed, we review some of the background on the subject of symplectic fiber
bundles. Let (F, ωF ) and (B,ωB) be compact, connected symplectic manifolds, and
let
F → E pi−→ B
be a fiber bundle. A symplectic fibration is such a space E where the transition
maps are symplectomorphisms of the fibers:
Φi : pi
−1(Ui)→ Ui × F
Φj ◦ Φ−1i : Ui ∩ Uj × F → Ui ∩ Uj × F
(p, q) 7→ (p, φji(q))
where φji : Ui ∩ Uj → Symp(F, ωF ) are C˘ech co-cycles.
Let Fp denote the fiber at p ∈ B. Suppose that there is a closed 2-form a ∈
C∞(E,∧2T ∗E) so that
a|Fp = ωF
up to Hamiltonian symplectomorphism. The fiberwise non-degeneracy of the form
a defines a connection on E via
TF⊥a =: Ha
so that TE ∼= Ha ⊕ TF . By [GLS96, Thm 1.2.4], closedness of a implies that the
connection is symplectic. We say that the connection Ha is Hamiltonian if the
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holonomy of around any contractible loop in the base is a Hamiltonian symplec-
tomorphism of the fiber. Such a property guarantees the existence of a natural
symplectic form.
Theorem 2.1. [MS17, Thm 6.21] Let H be a symplectic connection on a fibration
F → E → B with dimF = 2n. The following are equivalent:
(1) The holonomy around any contractible loop in B is Hamiltonian.
(2) There is a unique closed connection form aH on E such that i
∗aH = ωF
and
(13)
∫
F
a
(n+1)
H = 0 ∈ C∞(B,Λ2(T ∗B)),
where
∫
F
a
(n+1)
H is integration along the fiber. The form aH is called the minimal
coupling form associated to the connection H.
Essentially, a is already defined on TF ∧TF and TF ∧H, so it suffices to define
it on H ∧H. One does this by using the curvature identity. For a vector field v on
B, let v] denote its horizontal lift to H. Denote by ι(v)a contraction of a vector
field with a form. From [GLS96, Eq 1.12] we have
(14) − dι(v])ι(w])a = ι(piTF [v], w]])a (modTB)
for any closed connection form a, where piTF is the projection onto TF . Hence the
curvature piTF [v
], w]] is a Hamiltonian vector field on F . Thus, we assign to
a(w], v])
the value of the unique zero-average Hamiltonian associated to piTF [v
], w]]. Such
an assignment gives a closed form that satisfies the normalization condition (13).
For large K, we refer to any symplectic form
ωH,K := aH +Kpi
∗ωB
as a weak coupling form. Such a form is unique up to symplectic isotopy in the
weak coupling limit :
Theorem 2.2. [GLS96, Thm 1.6.3] Assume F is simply connected. Then for two
symplectic connections Hi, i = 1, 2, the corresponding forms aHi + Kpi
∗ωB are
isotopic for large enough K.
The proof of this theorem uses a Moser-type argument and the fact that [aH1 ] =
[aH2 ].
In Example 9.1, we used deformation and extension theorems in order to con-
struct a fibered Lagrangian. For reference:
Theorem 2.3. [GLS96, Thm 4.6.2] Let A ⊂ B be a compact set, A ⊂ U an open
neighborhood, H ′ a symplectic connection for pi−1(U). Then there is an open subset
A ⊂ U ′ ⊂ U and connection H on E such that H = H ′ over U ′.
Often it will be clear if one can construct a trivially fibered Lagrangian from a
combination of Theorems 2.3 and 2.2. A useful criterion for actually checking that
a fiber sub-bundle is Lagrangian is the following:
Lemma 2.1. (Fibered Lagrangian Construction Lemma)(Lemma 2.1 from [Sch])
Let LF → L → LB be a connected sub-bundle. Then L is Lagrangian with respect
to a+Kpi∗ωB if and only if
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(1) L is invariant under parallel transport along LB and
(2) there is a point p ∈ LB such that ap|TLF⊕HL = 0, where HL := Ha ∩ TL is
the connection restricted to L.
Since L is a lift of a Lagrangian for ωB a|L must be zero.
2.1. Adapted Morse functions and pseudo-gradients. An approach to Morse
theory that is natural to use in the fibration setting is that of a pseudo-gradient,
as in [Hut08, Sec 6.3] c.f. [Oan08, Sec 5].
Definition 2.1. Let f be a Morse function on a Riemannian manifold (M,G). A
pseudo-gradient for f is a vector field X such that Xp = 0 for p ∈ crit(f) and
(1) G(gradG(f), X) ≤ 0 and equality holds only at critical points of f
(2) In a Morse chart for f centered at p ∈ Crit(f), gradef = X where e is the
standard Euclidean metric.
Morse theory for pseudo-gradients is carried out in [Chapter 2 [AD14]].
To construct a pseudo-gradient on a fibered Lagrangian L, we use the connection
HL := TL∩H (which is merely convenient: any connection would do). The Morse
input for L consists of the following:
(1) A Morse function b on LB and a Riemannian metric GB that is Euclidean
in a neighborhood of each x ∈ Crit(b), and a pseudo-gradient Xb for b,
(2) for each critical fiber pi−1(x) ∩ L a choice of Morse function gx on LF and
a Riemannian metric GFx which is Euclidean in a neighborhood of Crit(g),
and a pseudo-gradient Xgx on TLFx , and
(3) an extension Xg of the {Xgx} to all of TF (by zero if necessary)
One can show that the vector field
Xf := Xg ⊕X]b
on TLF ⊕HL forms a pseudo-gradient for the Morse function
f := pi∗b+ 
∑
x∈Crit(b)
pi∗φxgx
for  << 1 where φx is an appropriate cutoff function on LB .
Let γX(t, x) denote the Morse flow of X starting at x ∈ L. Define the stable (+)
resp. unstable (-) manifold of xi as
W±X (xi) :=
{
x| lim
t→±∞ γX(t, x) = xi
}
.
Define the index of a critical point
Ind(xi) := dimW
−
X (xi)
and the coindex
coInd(xi) := dimW
+
X (xi).
By perturbing the pseudo-gradient Xf outside of a neighborhood of the critical
points, one can achieve the Smale condition for Xf , which says that the unstable
and stable manifold intersect transversely. Hence, W+X (xi) ∩W−X (xj) is a smooth
manifold of dimension
Ind(xj)− Ind(xi).
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3. Basic Floer theoretic notions in symplectic fibrations
Since the base manifold is rational, we adopt an approach similar to that of
[CM07] and [CW] to achieve transversality using domain-dependent perturbations
of the almost complex structure. The scheme uses complicated domains, which are
made even more complicated by the requirement that holomorphic curves have to
be compatible with the fibration structure. The complete version is spelled out in
the first part of the author’s thesis [Sch, Secs 3,4,5], and we include an abridged
version.
3.1. Moduli of treed disks. For a tree T , let Edge(T ) resp. Vert(T ) denote
the set of edges resp. vertices. To define treed disks, we start with a metric tree
C = (T, `) with ` ∈ [0,∞]. For a symplectic manifold E and a Lagrangian L,
we partition the vertices into two sets and label them as either spherical or disk
vertices, and assign maps
[·]d : Vertd(C)→ Hd2 (E,L,Z)
[·]s : Verts(C)→ Hs2(E,Z)
where Hd2 (E,L,R) resp. Hs2(E,R) are the homology classes that can be represented
by maps of disks resp. spheres. The edges correspond to either interior markings
which map to the divisor, interior or disk nodes, or domains of Morse flows. We
have the following chart from [Sch] that sums up the labeling, with an example
schematic as Figure 3.1:
Verts(C) spherical vertices (matched with a P1v)
Vertd(C) disk vertices (matched with a Dv)
Edge•→(C) interior markings
Edge•−(C) interior nodes
Edge◦→(C) boundary markings
Edge◦−(C) boundary nodes
` : Edge◦−(C)→ [0,∞] boundary node length
m : Edge•→(C)→ Z≥0 divisor intersection multiplicity
[·]d : Vertd(C)→ Hd2 (E,L) relative disk/sphere classes
[·]s : Verts(C)→ Hs2(E) sphere classes
We further require that there are no boundary edges Edge◦(C) incident at spherical
vertices. Let the notation Edge•,`− (C) resp. Edge◦,`− (C) denote the set of interior
resp. boundary nodes of length `.
Definition 3.1. [Sch] A treed disk C is a triple (T,ST ,∼) consisting of
(1) a labeled metric tree (T, `),
(2) for each vertex v a class of a marked surface (Sv, x, z) ∈ ST with interior
resp. boundary markings denoted z resp. x, where each is identified with
a marked surface class [P1, z]/ ∼ or [D ⊂ C, z, x]/ ∼ up to biholomorphism
fixing the markings, and
(3) a bijective identification of the interior special points z with Edge•→(v) ∪
Edge•−(v), together with
(4) an identification between the boundary special points x and Edge◦→(v) ∪
Edge◦−(v) such that the natural relative clockwise ordering of the x around
∂D agrees with the relative clockwise ordering of the identified edges in
Edge◦→(v) ∪ Edge◦−(v) around the vertex.
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x0
x1
x2
x3
x4
[d1]
[d2]
[d3] [d4]
[s1]
Edge◦,∞−
Edge◦→
Edge•→
Edge◦,`−
Edge◦→
Edge•−
Figure 1. The geometric realization of a (stable) treed disk.
Shadings are the binary markings discussed in Section 3.1.1
We call a treed disk broken if some e ∈ Edge◦−(C) has infinite length. We identify
a broken type with the union of two types glued at their extraneous ends ei ∈
Edge◦→(Ci). The treed disks with n boundary markings and m interior markings
form a moduli space Mn,m. Such a cell-complex is stratified by combinatorial type,
denoted Γ(C) or simply Γ, which is the information contained in the above chart
with reference to ` only if `(e) = 0,∞. We denote a layer of this stratification by
MΓ.
The geometric realization class U of C is the class of topological space given by
replacing the vertices with their corresponding marked surface class and attaching
the edges to the corresponding special points, together with the Riemann surface
structure on each surface component. The universal treed disk is the fiber bundle
Um,n → Mm,n whose fiber at a point p is the geometric realization class of p.
Similarly, denote the restriction of the universal treed disk to MΓ by UΓ.
A treed disk is stable if and only if each marked surface is stable. In general, we
will not require such stability; rather, we later develop a finer notion of stability
with the fibration structure in mind .
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Since we have a pseudo-gradient, we can label combinatorial types with critical
points. Suppose {x0, . . . , xn} are the critical points of a pseudo-gradient X. We
define a Morse labeling of a combinatorial type Γ as a labeling
x : Edge◦→(Γ)→ {x0, . . . , xn}
Our convention will be that x0 denotes the value of x on the root and xi i ≥ 1
denotes the value on the leaves.
3.1.1. Special considerations for the fibered setting.
Definition 3.2. A binary marking % for Γ is a subset of the vertices and edges,
denoted mVert(Γ) and mEdge(Γ), for which any map u : CΓ → E is required to
map the domain for mv ∈ mVert(Γ) resp. me ∈ mEdge(Γ) to a constant under pi.
The set of unmarked vertices and edges will be denoted uVert(Γ) resp. uEdge(Γ).
The marked vertices and edges are those that correspond to domains that are
mapped to a constant under pi. Such a process can be decomposed into two ele-
mentary operations, the first being:
Definition 3.3. [Sch] The combinatorial type pi∗Γ is the combinatorial type Γ with
the following two modifications:
(1) The homology labeling [·] is replaced replaced by pi∗[·] and,
(2) `pi∗Γ(e) = 0 for any e ∈ mEdge◦−(Γ)
followed by:
Definition 3.4. [Sch] The pi-stabilization map Γ 7→ Υ(Γ) is defined on combina-
torial types by forgetting any unstable vertex vi for which [vi] = 0 and identifying
edges as follows:
(1) If vi has two incident unmarked edges, ei and fi, with fi closer to the root,
then Vert(Υ(Γ)) = Vert(Γ)− {vi} and we identify the edges ei and fi:
Edge(Υ(Γ)) = Edge(Γ)/{fi ∼ ei}
and
`(Υ(fi)) = `(Υ(ei)) = `(ei) + `(fi).
We set `(Υ(ei)) = ∞ if either ei or fi is a semi-infinite edge (hence, so is
Υ(ei) under the broken tree identification).
(2) If vi has one incident edge ei, then Υ(Γ) has vertices
Vert(Υ(Γ)) = Vert(Γ)− {vi}
and edges
Edge(Γ)− {ei}
Υ◦pi∗ forgets marked edges and vertices and stabilizes, so it is the combinatorial
type of pi ◦ u for u : UΓ → Γ.
We get an induced map on moduli spaces resp. universal marked disks, denoted
ΩΓ : MΓ →MΥ(pi∗Γ)
resp.
ΩΓ : UΓ → UΥ(pi∗Γ)
Definition 3.5. A combinatorial type Γ is called pi-stable if Υ(pi∗Γ) is stable.
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3.2. Perturbation data. In order to precisely define a Floer configuration, we
discuss the types of perturbations that we use. For a rational symplectic mani-
fold and Lagrangian (B,ωB , LB), let DB denote a symplectic hypersurface in the
complement of LB .
Definition 3.6. (1) A tamed almost complex structure JDB ∈ J (B,ωB) is
adapted to DB if DB is an almost complex submanifold of (B, JB).
(2) A divisor DB in the complement of LB with [DB ] = k[ωB ] is stabilizing
for LB if any map u : D → (B,LB) with
∫
D
u∗ωB > 0 has as least one
intersection with DB .
Charest and Woodward develop a Lagrangian Floer theory for rational sym-
plectic manifolds and Lagrangians, inspired by the stabilizing divisor approach of
[CM07]. To summarize, we have
Theorem 3.1. [CW17, Sec 4] There exists a divisor DB ⊂ B−LB that is stabilizing
for L representing k[ωB ] for some integer k >> 1.
When there is no confusing with the notation for “disk”, we will denote D :=
pi−1(DB) as the pullback of a stabilizing divisor.
3.3. Hamiltonian perturbations. Let Ham(F,B) := Λ1(B,C∞0 (Fp,R)) denote
the space of one forms σ on B with values in C∞(E,R) such that∫
Fp
ι(v)σω
dimF/2
Fp
= 0
for every fiber Fb of E and v ∈ TpB (i.e. Hamiltonians with zero fiber-wise aver-
age). In [Sch] we achieve transversality for non-vertical disks (disks not contained
in a single fiber) by the theory of Hamiltonian perturbation. That is, to every
Hamiltonian one-form σ ∈ Ham(F,B), we get another connection form
aσ := a− dσ
which is a minimal coupling form by the zero-average condition. The new connec-
tion Hσ := TF
⊥aσ has holonomy that differs infinitesimally from H0 by σ.
We have a fiber bundle J vert → B where the fiber at p is the space of (sufficiently
differentiable) tamed almost complex structures on (Fp, ωFp). Let J l,vert(B,F ) be
the space of Cl sections of this fiber bundle. To make sense of holomorphic lifts,
we have the following lemma:
Lemma 3.1. [MS04, eq 8.2.8] To a connection Hσ and an assignment of verti-
cal almost complex structures JF ∈ J vert(B,F ) there is a unique almost complex
structure Jσ that:
(1) makes pi : E → B holomorphic,
(2) preserves Hσ, and
(3) agrees with the section JF .
Such a structure in the TF ⊕H0 splitting is given by
(15) Jσ =
[
JF JF ◦Xσ −Xσ ◦ JB
0 JB
]
where v 7→ Xσv is the one-form with values in fiberwise Hamiltonian vector fields,
prescribed by dσv = ιXσvωF .
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For each critical fiber Fi of the Morse function pi
∗b, choose a tamed almost
complex structure J iF , and let
J l,vert(J1F , . . . , JkF ) :=
{
JF ∈ J l,vert(B,F ) : JF |Fi = J iF
}
be the space of sections of J l,vert → B that agree with the chosen J iF . Evaluation
of the a.c.s. at each fiber is a regular map, so such a space is a Banach manifold.
To save space take the notation JF to denote the choice of tamed almost complex
structures on the critical fibers. Let
JHl(E,ωH,K) :=
{
(Jσ, σ) ∈ J l,vert(JF )× J l(B,ωB)×Ham(F,B) :(16)
Jσ tames aσ +Kpi
∗ωB
}
.(17)
The latter is an open condition about σ = 0 and tamed almost complex structures
JB of the base assuming that K >> 1 by an elementary estimate [Sch, Lem 5.1,
Rem 5.11]. Thus, JHl is a Banach manifold. Choose neighborhoods SoΓ ⊂ Υpi∗UΓ
resp. T oΓ ⊂ UΓ not containing the special points and boundary on each surface
component resp. not containing ∞ on each edge.
Definition 3.7. [Sch] Fix a stabilizing JDB for LB . Let (Γ, x) be a pi-stable com-
binatorial type of treed disk with a Morse labeling. A class Cl fibered perturbation
datum for the type Γ is a choice of JF together with piecewise C
l maps
(Jσ, σ) : Υpi∗UΓ → JHl(E,ωH,K)
X : TΓ → Vectl(TLF )⊕Vectl(HL)
denoted PΓ, that satisfy the following properties:
(1) σ ≡ 0 and JB ≡ JDB on the neighborhoods SΓ − SoΓ,
(2) σ ≡ 0, JB ≡ JDB on Υpi∗TΓ, and
(3) X ≡ Xf in the neighborhood TΓ − T oΓ of ∞.
Let P lΓ(E,D) denote the Banach manifold of all class Cl fibered perturbation
data (for a fixed JDB ).
Any perturbation datum PΓ lifts to the universal curve via pullback P˜Γ :=
(Υpi∗)∗PΓ. As such, we will only distinguish between P˜Γ and PΓ when necessary.
Definition 3.8. A perturbation data for a collection of combinatorial types γ is a
family P := (PΓ)Γ∈γ
3.4. Holomorphic treed disks.
Definition 3.9. [Sch] Given a fibered perturbation datum PΓ, a PΓ-holomorphic
configuration of type (Γ, x) in E with boundary in L consists of a choice of repre-
sentative C = S ∪ T of a fiber of the universal treed disk UΓ, together continuous
map u : C → E such that
(1) u(∂S ∪ T ) ⊂ L.
(2) On the surface part S of C the map u is Jσ-holomorphic for the given
perturbation datum: If j denotes the complex structure on S, then
Jσdu|S = du|Sj.
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(3) On the tree part T ⊂ C the map u is a collection of flows for the perturba-
tion vector field:
d
ds
u|T = X(u|T )
where s is a local coordinate with unit speed so that for every e ∈ Edge◦(Γ),
we have e ∼= [0, `(e)], e ∼= [0,∞), or e0 ∼= (−∞, 0] via s.
(4) If ei i ≥ 1 denote the leaves of Γ and e0 the root,
u(ei) ∈W−X (xi)
u(e0) ∈W+X (x0)
(5) u takes the prescribed multiplicity of intersection mze(u) to D for ze cor-
responding to e ∈ Edge•→(Γ). That is, let γ be a small loop around ze: As
in [CW17] mze(u) is the winding number of u(γ) in the complement of the
zero section in a tubular neighborhood of D and u.
Proposition 7.1 from [CM07] shows that (5) is related to the “order of tangency”:
In a coordinate neighborhood that sends D to Cn−1 ⊂ Cn define the order of
tangency of u to D at ze to be
(18) tanze(u) = max
l
dlzeu ∈ TCn−1.
By the aforementioned proposition, we have tanze(u) + 1 = mze(u) for a holomor-
phic map. In particular, mze(u) ≥ 0.
4. Transversality and compactness results
In this section, we review the basic compactness and transversality results that
were shown in [Sch] for the fibered setting expanding upon results of [CM07] [CW17]
[CW]. These results are essential to defining the A∞ algebra and computing the
potential later on.
4.1. Transversality. In order to achieve transversality for the aforementioned con-
figurations, we allowed domain dependent Hamiltonian perturbations and almost
complex structures in our definition of perturbation datum, as in [CM07], [CW17],
[CW]. However, in order to achieve compactness we need to select our perturbation
data in a way that is compatible with certain actions on treed disks.
Actions on graphs Π˜ : Γ → Γ′, such as cutting edges, collapsing edges and
identifying vertices, or changing the length of an edge away from 0 or ∞ gives
rise to maps on the moduli of combinatorial types Π : MΓ → MΓ′ and also their
universal disks Π : UΓ → UΓ′ . With the exception of the last axiom, the following
is from [CW, Def 2.11].
Definition 4.1. Let P be a family of fibered perturbation data. We say that P
is coherent if it is compatible with morphisms on the universal treed disk in the
following sense:
(1) (Cutting edges) If Π : UΓ → U ′Γ cuts an edge of infinite length then PΓ′ =
Π∗PΓ.
(2) (Products) Let Γ = Γ1 ∪ Γ2 via cutting an infinite edge of Γ so that MΓ ∼=
MΓ1 ×MΓ2 with projections pii i = 1, 2. Then PΓ agrees with the pullback
of PΓi on pi
∗
i UΓi .
(3) (Collapsing an edge or making edge length finite/non-zero) If Π : UΓ → UΓ′
collapses an edges or changes an edge length from 0 or∞, then PΓ = Π∗PΓ′ .
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(4) (Ghost-marking independence) If Π : UΓ → UΓ′ forgets an interior marking
on a component with [v] = 0, then PΓ = Π
∗PΓ′ .
(5) (pi-stabilization) Finally, if Γ is a pi-stable type, then PΓ = Ω
∗PΥ◦pi∗Γ.
There is an important notion of an adapted holomorphic configuration:
Definition 4.2. [Sch] We say that a Floer trajectory u : CΓ → (E,L) is pi-adapted
to D if
(1) (Stable domain) Γ is pi-stable,
(2) (Non-constant spheres) each component of CΓ that maps entirely to D is
constant, and
(3) (Markings) each interior marking zi maps toD and each component u
−1(D)
contains an interior marking.
Let M˜Γ(PΓ, x) be the moduli space of PΓ-holomorphic configurations on (E,L)
which are adapted to D with limits x, and
MΓ(PΓ, x) := M˜Γ(PΓ, x)/ ∼
where u ∼ u′ if there is a map φ : CΓ → CΓ such that u = u′ ◦ φ that is comprised
only of biholomorphisms of the surface components which fix the marked points.
We say that a perturbation datum PΓ is regular if MΓ(PΓ, x) can be given the
structure of a smooth manifold of dimension
Ind(Γ, x) : = dimW+X (x0)−
n∑
i=1
dimW+X (xi) +
m∑
i=1
I(ui) + n− 2(19)
− |Edge◦,0− (Γ)| − |Edge◦,∞− (Γ)| − 2|Edge•−(Γ)| − 2
∑
e∈Edge•→
m(e).(20)
The I(ui) signifies the either the Maslov index or 2c1(u
∗
i TE) for a single disk/sphere
component ui. By the Riemann-Roch theorem, I(ui) + dimL − 3 is the index of
the linearized Cauchy-Riemann operator that describes the space of unparameter-
ized holomorphic Maslov index I(ui) disks (or spheres) with boundary in L, see for
example [MS04, Thm C.1.1.10]. The other terms arise from expected codimension
counts given by the assumption that each condition is cut-out transversely.
Finally, we say that a combinatorial type Γ is uncrowded if each vertex with
[v] = 0 has at most one interior marking.
We have the following theorem about the existence of regular perturbation data
to partially legitimize the counting of holomorphic configurations.
Theorem 4.1 (Transversality, [Sch]; Theorem 6.1). Let E be a symplectic Ka¨hler
fibration, L a fibered Lagrangian. Suppose that we have a finite collection of un-
crowded, pi-adapted, and possibly broken types {Γ} with
Ind(Γ, x) ≤ 1.
Then there is a comeager subset of smooth regular data for each type
P∞,regΓ (E,D) ⊂ P∞Γ
and a selection
(PΓ) ∈ ΠΓP∞,regΓ
that forms a regular, coherent datum. Moreover, we have the following results about
tubular neighborhoods and orientations:
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(1) (Gluing) If Π : Γ→ Γ′ collapses an edge or makes an edge finite/non-zero,
then there is an embedding of a tubular neighborhood of MΓ(PΓ, D) into
MΓ′(PΓ′ , D), and
(2) (Orientations) There exists a coherent system of orientations O on ⋃MΓ(PΓ, D)
such that the following holds: If Π : Γ → Γ′ is as in (1), the orientation
on MΓ(PΓ, D) agrees with the one induced by the inclusion MΓ(PΓ, D)→
MΓ′(PΓ′ , D) and
TMΓ′(PΓ′ , D)|MΓ ∼=MΓ(PΓ, D)⊕ R
where the positive direction in R is the outward normal direction. Moreover,
cutting edges is orientation preserving.
We give a short sketch of the proof, with the appropriate references: One shows
that the universal moduli space (the moduli space of all holomorphic configurations
of type Γ for every perturbation data) is a smooth manifold when we allow domain
dependent almost complex structures in the base and we are allowed to vary the
connection over the interior of each surface component. Transversality for surface
components that are contained in a single fiber is handled by the usual argument for
monotone Lagrangians as in [Oh93]. A Sard-Smale argument then shows that for
a given configuration type Γ there is a comeager set of perturbations JΓ for which
the linearized ∂¯j,JΓ operator is surjective, thus making the moduli space associated
to such a perturbation datum into a smooth manifold of expected dimension. A
selection from each comeager set is then pieced together to form a coherent system
for low index types.
The usual gluing argument is used to show (1), where one constructs approximate
solutions u˜δ based on Γ
′ associated to a pre-gluing parameter δ, and one shows that
the linearized operator at u˜δ is surjective given that it is surjective at an index 0
curve u. Then, after showing some estimates as in [CW17, Thm 4.1] one applies
the quantitative version of the Implicit Function Theorem [MS04, Prop A3.2] to
obtain a unique holomorphic configuration uδ for each δ which converges to u in
the sense of Gromov.
Finally, orientations onMΓ(PΓ, D) can be realized after choosing a relative spin
structure as in [FOOO09, Thm 8.1.1], and such an orientation only depends on the
choice of spin structure on the orientation on MΓ. As in the remark [CW, Rem
4.25] orientations onMΓ(PΓ, D) for an index 0 type can be realized in the following
way: One chooses an orientation on each W±X (xi) so that we have an orientation
preserving isomorphism
det(TxiW
+
X (xi)⊕ TxiW−f (xi)) ∼= detTxiL.
Moreover, one can orient Mm,n in a consistent way which induces orientation on
the strata MΓ. For the linearized operator Du at some holomorphic configuration
u we have an isomorphism of deterimant lines
(21) detDu ∼= detMΓ ⊗ detTL⊗ detTW+X (x0)⊗
n⊗
i=1
detTW−X (xi)
[CW, p. 45] after choosing a relative spin structure on L and applying a trivialization
argument (as in [FOOO09, Thm 8.1.1]). A coherent choice of orientations thus
depends on a coherent choices on MΓ and MΓ′ . The former can be induced via a
choice on MΓ′ and the opposite choice on the stratum MΓ′′ where Γ
′′ is obtained
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from Γ by the complimentary morphism to Π (i.e. collapsing an edge or making an
edge length non-zero).
4.2. Compactness. The transversality result together with the coherence condi-
tions pave the way for a compactness result, which we review in this section.
We say that an almost complex structure J of the form 15 is adapted to D if DB
is an almost complex submanifold with respect to JB . ”Pulling back” the definition
from [CW]:
Definition 4.3. For a pi-stabilizing divisor D = pi−1(DB) we say that an adapted
almost complex structure JDB is %-stabilized by D if
(1) DB contains no non-constant JDB -holomorphic spheres of energy less than
%,
(2) each non-constant JDB -holomorphic sphere u : S
2 → B with energy less
than % has #u−1(DB) ≥ 3
(3) every non-constant JDB -holomorphic disk u : (D, ∂D) → (B,LB) with
energy less than % has #u−1(DB) ≥ 1.
One can show [CM07, Cor 8.14, Prop 8.12] that the space of %-stabilized almost
complex structures forms an open and dense set for each energy. Thus, we can
require a family of perturbation data (Pγ) to satisfy the conclusion of Theorem 4.1
as well as to take values in such a set. In particular, pi∗Γ has a well defined energy
by homology class, so we can take % > eB([pi∗Γ]).
In general, define the energy of a map u of type Γ based on a treed disk CΓ as
e(u) :=
∫
CΓ
u∗ωH,K .
By a general theorem, e(u) only depends on Γ when u is holomorphic.
With these notions, we have the following theorem:
Theorem 4.2 (Compactness, [Sch]; Theorem 7.1). Let Γ be an uncrowded type
with Ind(Γ, x) ≤ 1 and let P = (Pγ) be a collection of coherent, regular, stabilized
fibered perturbation data that contains data for all types γ with Ind(γ, x) ≤ 1 and
from which Γ can be obtained by (making an edge finite/non-zero) or (contracting
an edge). Then the compactified moduli space MΓ(D,PΓ) contains only regular
configurations γ with broken edges and unmarked disk vertices. In particular, there
is no sphere bubbling, and orientations can be assigned so that vertical disk bubbles
in configurations with one input and one output cancel in the A∞ algebra.
The following is included from [Sch]:
Proof. Let uν ∈ MΓ(E,L,D, PΓ) be a sequence of bounded energy adapted PΓ-
holomorphic configurations each based on a treed disk Cν . By Gromov and Floer
there is a convergent subsequence to a configuration u : C˜ → (E,L) where C˜
has an associated pi-stable curve C based on a type (Ξ, x). We will show that
C˜ = C ∪ {ghost components}, that u is pi-adapted in the sense of Definition 4.2,
and the absence of sphere/vertical disk bubbles.
First, we show that u is pi-adapted. To show the (non-constant spheres) axiom,
we notice that in the limit, the projection of any sphere bubble must have energy
less than eB(pi∗Γ) < %. Since the almost complex structure takes values in %-
stabilized data, it follows from item (1) in Definition 4.3 that any sphere component
S contained in D must be contained in a single fiber. Following the definition of
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fibered perturbation datum 3.7, the perturbation of the vertical almost complex
structure need not vanish at an interior marking, so we may assume that JF is
regular for the sphere bubble in this fiber. Since this sphere bubble relates Ξ to
Γ by contracting an edge, it follows that we have regularity for Ξ by assumption.
Hence, Ind(Ξ, x) ≥ 0. On the other hand, sphere bubbling is codimension two,
which contradicts the assumption Ind(Γ, x).
Next, we show the (stable domain) property: Suppose that Υ(pi∗Ξ) has an un-
stable component vS : S → B that is the projection of a component uS : S → E.
Since each configuration in the subsequence is adapted, it follows that uS is a bub-
ble such that vS is JDB -holomorphic for some %-stabilized a.c.s. Hence, by 2 and 3
4.3, S is a stable domain. This is a contradiction.
(Markings): We have that each interior marking maps to D since this is a closed
condition. On the other hand, the fact that every intersection contains a marking
follows from topological invariance of intersection number, see the proof of [Theorem
2.26 [CW]].
We rule out sphere bubbles: Any sphere bubble gives a configuration Ξ of ex-
pected dimension two less than Γ. By assumption, Ξ is holomorphic for a regular
datum. Thus, u lives in a moduli space of expected dimension, but this contradicts
the index assumption Ind(Γ, x) ≤ 1.
(Vertical disk bubbles): Suppose there is a marked, non-constant disk bubble
base on a domain D attached to a component D′. It suffices to check the case
when Ind(Ξ, x) = 0, since otherwise u will be contained in an open set in a moduli
space of dimension 1 and will not effect the properties of the A∞ algebra. We
have that I(u|D) ≥ 2 by assumption. Since JF is regular for the disk bubble by
assumption, the evaluation at the attaching point is cut out transversely to the
point of intersection of D with D′. One obtains a regular configuration Ξ′ based on
the original treed disk with D removed. However, the expected dimension of this
configuration is ≤ −1, which is a contradiction.

5. Lifting holomorphic trajectories
Here begins some of the main technical ideas leading to the main result. Notably,
we give existence and some characteristics of lifts of JB-holomorphic disks v :
(D, ∂)→ (B,LB) to the total space (E,L).
5.1. Hamiltonian holonomy and covariant energy. In this section, we give
background following [Gro85, Sec 1.4] [AS01] [MS04, Ch 8] to state a known impor-
tant formula that expresses the L2 norm of the covariant derivative of a holomorphic
section in terms of a semi-topological quantity.
The pullback bundle v∗E over a (holomorphic) disk is topologically trivial and
has an induced non-trivial connection via the pullback coupling form v∗aσ. Rather
than keep track of the connection for a and σ we absorb this information into a
single Hamiltonian connection form δ ∈ Λ1(D,C∞0 (F,R)) so that
(22) ωF − dδ = v∗(aσ).
where the connection form is exact by the Hamiltonian assumption and by abuse
of notation we mean ωF := pi
∗
FωF .
We get an associated connection
Tv∗E ∼= TF ⊕ TF⊥v∗aσ =: TF ⊕Hδ
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along with a pullback almost complex structure
Jδ := v
∗Jσ =
[
JF JF ◦Xδ −Xδ ◦ j
0 j
]
in the TF ⊕TD coordinates. Note that this a.c.s. satisfies the uniqueness criterion
from Section 3.3.
By Lemma 2.1 and the vanishing of the a.c.s. perturbation σ (3.7) on ∂D, the
Lagrangian boundary
v∗L := v|∗∂DL→ ∂D
can be viewed as a path of Lagrangians Lt parameterized by [0, 2pi] that becomes
a loop if we mod out by Diff(Lt) (see [AS01] for a complete viewpoint of this).
We consider Jδ-holomorphic sections u of v
∗E with the boundary condition
u(∂D) ⊂ v∗L.
There is a clear correspondence between such sections and Jσ-holomorphic lifts of
v with values in (E,L).
Remark 5.1. There is a further correspondence between Jδ-holomorphic sections of
v∗E with Lagrangian boundary and smooth maps u : D → (F ) that satisfy
(23) ∂¯JF ,ju+X
0,1
δ (u) = 0
and the moving Lagrangian boundary condition
(24) u(eiθ) ∈ Lθ.
To see the correspondence, let u˜ = z×u(z) : D → D×F be the Jδ-holomorphic
section. We have
du˜ ◦ j = j ⊕ du ◦ j = j ⊕ [JF ◦ du+ JF ◦Xδ −Xδ ◦ j] = Jδ ◦ du˜.
5.1.1. Curvature. There is a corresponding energy identity for solutions to the
Hamiltonian perturbed ∂¯ equation (23) that is crucial to our argument. The iden-
tity’s formulation involves the notion of the curvature of Hδ:
We have that a horizontal lift of w ∈ TD to Hδ has the form
−Xδw ⊕ w ∈ TF ⊕ TD
Let w] and x] be two horizontal lifts of tangent vectors in TD, and define the
curvature two form κ ∈ Λ2(D,TF ) to be
κ(w, x) := [w], x]]vert
where vert : TF ⊕H → TF .
Following [MS04], we write the curvature as
(25) Rδdvol
where by the curvature identity (14) Rδ : D × F → R in each fiber is given by
the zero average Hamiltonian associated to 1dvol(v,w) [v
], w]]vert (whenever v is not
a multiple of w).
Definition 5.1. For a Jδ holomorphic section u of v
∗E, the covariant derivative is
(26) ∇δu := ∂JF ,j(u) +X1,0δ (u),
i.e., the (1, 0) part of du+Xδ(u) as an element of Λ
1,0
JF ,j
(D,TF ).
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Choose coordinates (s, t) on D so that δ = fds + gdt and Xδ = Xfds + Xgdt,
and (26) becomes
∇δu = (∂su+Xf )ds+ (∂tu+Xg)dt
for u satisfying the Hamiltonian perturbed equation (23).
Finally, let | · |JF = ωF (·, JF ·). The relevant notion of vertical energy of a Jδ-
holomorphic section is given by
(27) eδ(u) :=
1
2
∫
D
|du+Xδ|2JF dvol =
1
2
∫
D
|∇δu|2JF dvol.
It follows that u has 0 energy precisely when it is a covariant constant section,
which motivates the following definition:
Definition 5.2. A Jδ-holomorphic section u is vertically constant with respect to
Hδ if eδ(u) = 0.
Also in the (s, t) coordinates we have
(28) dδ = d′f ∧ ds+ d′g ∧ dt+ (∂sg − ∂tf)ds ∧ dt
where d′ is the exterior differential on the fibers. By the curvature identity (14)
one can write
κ =
(
∂sg − ∂tf + {f, g}ωF
)
ds ∧ dt.
We use this in the following lemma:
Lemma 5.1. [AS01, Lem 5.2]The Covariant Energy Lemma. Let u be a Jδ-
holomorphic section of v∗E. We have
(29) eδ(u) =
∫
D
u∗ωF +
∫
D
Rδdvol −
∫
∂D
u∗δ.
Proof. Writing everything in coordinates:
eδ(u) =
1
2
∫
D
ωF (∂su+Xf , ∂tu+Xg)− ωF (∂su+Xf , ∂su+Xf )+
− ωF (∂tu+Xg, ∂su+Xf ) + ωF (∂su+Xf , ∂tu+Xg)ds ∧ dt
=
∫
D
ωF (∂su+Xf , ∂tu+Xg)ds ∧ dt
=
∫
D
[
ωF (∂su, ∂tu) + d
′f(∂tu)− d′g(∂su) + {f, g}ωF
]
ds ∧ dt
From (28) we have
dδ
(
∂su⊕ ∂s, ∂tu⊕ ∂t
)
= ∂sg − ∂tf − d′f(∂tu) + d′g(∂su).
Thus, the main calculation continues as
. . . =
∫
D
u∗ωF −
∫
D
u∗dδ +
∫
D
κ
by Stokes’ theorem and the identification of κ with (25),
=
∫
D
u∗ωF −
∫
∂D
u∗δ +
∫
D
Rδdvol

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5.2. A relative h-principle. One thing decidedly lacking from the above Hamil-
tonian point of view is that it is not clear if there is a covariant constant section of
v∗E, or any holomorphic section at all. To solve such a problem, we use heat flow
following Donaldson [Don92] to flatten the G-connection via holomorphic gauge
transformation.
We reiterate assumptions needed for this section: E has a compact structure
group G and F has an integrable GC-invariant complex structure JI . Parallel
transport in the inherent symplectic connection, denoted HG, is G-valued.
Definition 5.3. A fibered Lagrangian in a symplectic Ka¨hler fibration is a La-
grangian L ⊂ (E,ωH,K) that fibers as
LF → L pi−→ LB
with LF ⊂ (F, ωF ) a monotone Lagrangian with minimal Maslov index ≥ 2 and
LB ⊂ (B,ωB) a rational Lagrangian.
Any bundle of the form
P(V )→ Pn
where V is equipped with a Hermitian metric is a example of a symplectic Ka¨hler
fibration in which one can find fibered Lagrangians. We also have the flag manifold
(9.3) which has structure group SU(n− k + 1) as a fiber bundle.
Associated to the pull-back connection v∗HG, we can instead require that Jδ
fiberwise agrees with JI , so that it has the following form in the trivial splitting
TF ⊕ TD:
JG :=
[
JI JI ◦Xδ −Xδ ◦ j
0 j
]
where δ in this case describes the G-valued parallel transport.
Since the action of G on F is effective, E has an associated principal G-bundle.
Let Pv∗E be the associated bundle to v
∗E. HG defines a connection on Pv∗E , which
we also denote by HG.
In this section we draw out the following:
Theorem 5.1. There is a gauge transformation G ∈ C∞(D,GC) that preserves JI
in the fibers, is G-valued along ∂D, and such that G(HG) =: H0 is a flat connection
on v∗E.
We will see that this theorem is a corollary of:
Theorem 5.2. [Don92, Thm 1] Let V → Z¯ be a holomorphic vector bundle over a
compact Ka¨hler manifold (Z¯, ω) with non-empty boundary ∂Z. For any Hermitian
metric f on the restriction of V to ∂Z there is a unique Hermitian metric h on V
such that:
1) h|∂Z = f
2) iΛFh = 0 in Z
Here, Fh is the curvature of the Chern connection associated to h, and
Λ : Ω1,1(Z¯)⊗ V → Ω0(Z¯)
is the Ka¨hler component in the decomposition Ω1,1(Z¯) ⊗ V ∼= Ω1,1ω⊥(Z¯) ⊗ V ⊕
Ω0(Z¯)ω ⊗ V , where Ω1,1ω⊥ are the 1, 1 forms defined on the dual of the kernel of ω.
One calls a solution to Theorem 5.2 a Hermitian Yang-Mills metric. When Z¯ = D¯
the associated connection is merely flat, so we can trivialize via parallel transport.
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5.2.1. Gauge transformation background. The space of diffeomorphisms of Pv∗E
covering the identity forms an infinite dimensional Lie group, called the group of
gauge transformations G(Pv∗E). Let φ ∈ G(Pv∗E), and let gp be the unique element
in G such that φ(p) = p · gp. We require that φ preserve the G-structure of Pv∗E :
φ(p · g) = φ(p) · g. From this we get
p · g · gp·g = p · gp · g
so that gp·g = g−1gpg. Thus G(Pv∗E) ∼= C∞(Pv∗E , G)G, where the superscript
denotes the equivariance f(p · g) = g−1f(p)g. When the domain of v is a disk,
we have that Pv∗E ∼= D ×G as a smooth G-bundle. As a gauge transformation is
completely determined by how it acts on the identity section, we have G(Pv∗E) ∼=
C∞(D,G).
In a similar manner, we denote the complexified gauge group as GC := C∞(D,GC).
The complexified gauge group acts on G-connections via H 7→ G(H).
Proof of 5.1. By assumption the connection HG on v
∗E is induced from a con-
nection on Pv∗E , and in turn HG induces a unique complex connection on the
complexification PCv∗E by the invariance property of connections under right multi-
plication. Since G is compact it admits a faithful representation as a matrix group,
which induces a faithful matrix representation ρ : GC → GLC(V ) for a complex
vector space V . Let V := V ×ρ PCv∗E be the associated vector bundle, which admits
a corresponding connection denoted ∇HG . This is indeed the Chern connection
associated to a Hermitian metric h0 and some fiberwise complex structure JV due
to the fact that we can realize ρ(G) ⊂ U(k) with k = dimV .
By Theorem 5.2 there is a flat Hermitian metric h∞ that agrees with h0 on ∂D.
Thus, there is a map G ∈ C∞(D,GC) so that G∗h0 = h∞.
We have the following, where we use the same notation for the three situations:
(1) h0 = h∞ on ∂D, so we can assume G to be G valued on the boundary.
(2) By the GC-triviality of PCv∗E , there is an induced complex gauge transfor-
mation (still denoted G) such that H0 := G(HG) is a flat connection.
(3) G induces a transformation G of v∗E that gives a flat connection H0
(4) By GC invariance G∗JI = JIG∗.

Remark 5.2. v∗E can now be holomorphically trivialized by parallel transport along
H0, denoted by
(30) Φ : v∗E
∼=−→ D × F.
This map corresponds to an isomorphism V ∼=−→ D × V given by an element GΦ ∈
C∞(D,GC), which is also G valued on ∂D.
5.3. Existence of lifts. The prime candidate for a lift of the disk v is a constant
section p : D → D × (F,LF ) and the associated section up := (GΦ ◦ G)−1p of v∗E.
We ask a few questions about such a section:
(1) Is up covariant constant w.r.t. HG?
(2) Is up J
G-holomorphic?
(3) Does up satisfy the Lagrangian boundary condition?
(4) Is JG regular for up and part of a coherent datum in the sense of Theorem
4.1?
26 DOUGLAS SCHULTZ
First we answer (1). Let F = G−1 from Theorem 5.1 and H0 the flat connection.
The covariant derivative transforms as
∇F(H0)s = F∇H0(F−1s)
[DK90, p. 2.1.7]. If s is a covariant constant section with respect to ∇H0 , then
∇HGFs = ∇F(H0)FS
= F∇H0F−1Fs
= 0
Hence, the definition of vertically constant 5.2 is independent of the choice of rep-
resentative of the gauge orbit.
Proposition 5.1. G from Theorem 5.1 preserves holomorphic sections. That is,
G : (v∗E, JG) → (v∗E, J0) is a biholomorphism, where J0 = Φ∗(JI ⊕ j) is pulled
back from the trivialization (30).
Proof. dG restricts to isomorphisms
dGv : TF → TF
dGh : HG → H0
and we have dGv ◦JI = JI ◦dGv on TF by GC invariance. Thus, it suffices to check
that
dGh ◦ JG = j ◦ dGh.
As demonstrated previously, JG acts on HG as
(−Xy, y) 7→ (−Xjy, jy)
for y ∈ TD. As G is a bundle isomorphism and covers the identity on D, it
must preserve horizontal lifts of base vector fields. Since jy lifts to jy in H0 and
(−Xjv, jv) in HG, we have
Gh(−Xjv, jv) = (0, jv).
Hence,
(31) ∂¯J0,JGG = 0.
The fact that G preserves holomorphic sections follows. 
Finally, the main application is the following:
Corollary 5.1. Given p ∈ pi−1(1)∩LF and a Hamiltonian G-connection HG, there
exists a unique, vertically constant section u of (v∗E, v∗L) with u(1) = p which is
JG-holomorphic.
Proof. Define a section Gu of Gv∗E by parallel transport over D starting at Gp ∈
pi−1(1), which is well defined by the flatness of the connection. Uniqueness for
constant maps in the trivialization gives us that u is the unique covariant-constant
section starting at p.
It follows from Proposition 5.1 that u is JG-holomorphic. We check that the
boundary condition u(∂D) ⊂ L is satisfied: Since G is G-valued on ∂D, it follows
that G(L) is also Lagrangian with respect to G∗a|∂D. By Lemma 2.1, G(L) is
invariant under parallel transport, so the disk Gu has G(L) boundary conditions.

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We hereafter refer to such a vertically constant section as a Donaldson lift.
5.4. The vertical Maslov index. To show regularity for these lifts, we require a
short discussion on the vertical Maslov index. The Maslov index of a relative class
with boundary values in a fibered Lagrangian splits as a sum of horizontal and
vertical terms, both of which are topological invariants. It will be crucial to the
argument of our main theorem that the “vertical” Maslov index is non-negative.
Let u : D → (E,L) be a Jδ-holomorphic lift of a holomorphic disk in the base.
The Maslov index I(u) ∈ 2Z is defined as the boundary Maslov index of the pair
I(u∗TE, u∗TL). It follows that
I(u∗TE, u∗TL) = I(u∗TF, u∗TLF ) + I(u∗H,u∗HL)
By the isomorphism dpi : (H,HL)→ (TB, TLB) we have
I(u) = I(u∗TF, TLF ) + I(pi ◦ u∗TB, pi ◦ u∗TLB) =: IF (u) + IB(u).
In particular, we have a well defined topological quantity:
Definition 5.4. The vertical Maslov index IF (u) ∈ 2Z for a relative disk class is
the vertical part of the Maslov index from the splitting (TF, TLF ) ⊕ (Hδ, HL). If
u is a sphere, we set IF (u) = 〈2c1(u∗TF ), [S2]〉.
Proposition 5.2. Non-negativity of the vertical Maslov index. Let u : (D, ∂D)→
(E,L) be a Jδ-holomorphic disk with L a trivially-fibered Lagrangian. If u is not a
Donaldson lift, then there is an open selection of Hamiltonian perturbation data so
that IF (u) ≥ 0. Moreover if u is a Donaldson lift as in Theorem 5.3, IF (u) = 0
Remark 5.3. Without this proposition, the argument for the main theorem fails due
to the fact that the index of a no-input configuration may increase under projection.
Hence, there is no way to tell if a configuration counted in the potential for L can be
projected to a counted configuration for LB . One will also see how the monotonicity
of LF is crucial to our argument.
Proof. First, we argue for the vertically constant case, and then in case u is not
vertically constant. In the vertically constant case, we argue in the proof of corollary
5.1 that u is given by a constant map after applying the appropriate trivializing
gauge transformation. This provides a trivialization of the pair (u∗TF, u∗TLF ) ∼=
(D × TF,D × TLF ). Thus, the vertical Maslov index is zero in this case.
Let v := pi◦u and without confusion let u also denote the induced section of v∗E.
Let Hδ denote the induced connection on v
∗E. In the case u is not a vertically
constant section, we are free to use a more general perturbation of the connection:
First we show the proposition for when the holonomy above LB vanishes. For
S ⊂ D and f a zero fiberwise-average function, let
‖f‖S :=
∫
S
max
p∈F
f(z, p)−min
p∈F
f(z, p)dvol
denote the Hofer norm. From Lemma 5.1, we have
0 ≤ eδ(u) ≤
∫
D
u∗ωF + ‖Rδ‖D + ‖δ‖∂D =
∫
D
u∗ωF + ‖Rδ‖D
where the last equality holds since the holonomy of the connection vanishes over
LB (the trivial assumption).
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Hence,
−‖Rδ‖D ≤
∫
D
u∗ωF .
Let λ > 0 be so that
∫
D
u∗ωF = λIF (u) for all relative disk classes u ∈ Hdisk2 (F,LF ,Z),
and take
ΣLF = min
{
IF (u) > 0|u ∈ Hdisk2 (F,LF ,Z)
}
be the minimum Maslov number for LF (we have ΣLF ≥ 2 by assumption). To
show the first statement, we can choose the δ close enough to 0 in our perturbation
data over the domain of u so that
‖Rδ‖D < λΣLF
and it follows that IF (u) ≥ 0. The second statement follows from the same choice
of perturbation data.
For a general holonomy, we use the triviality of L followed by a lemma from
[AS01]. As in the previous sections, let v∗L ⊂ S1 × F denote the fiber subbundle
with fiber LF . By the ambiently trivial assumption, there is a fiberwise Hamiltonian
diffeomorphism φ : S1 × F → S1 × F that takes the pulled-back connection to the
trivial one. In particular φ(v∗L) = S1 × LF .
Following the proof of [AS01, Lem 3.2(ii)] we can extend this Hamiltonian dif-
feomorphism to a fiberwise Hamiltonian diffeomorphism over the disk
Φ : v∗E → v∗E.
On the target connection Φ∗Hδ, define
Φ∗Jδ := dΦ ◦ Jδ ◦ dΦ−1.
Evidently, Lemma 3.1 tells us that Φ∗Jδ is the unique almost complex structure
on v∗E that fiberwise agrees with Φ∗JF and preserves Φ∗Hδ. Moreover, Φ ◦ u is
Φ∗Jδ-holomorphic. The energy identity (29) for such a disk tells us that∫
|dΦ ◦ u|2Φ∗Jδ =
∫
D
(Φ ◦ u)∗ωF +
∫
D
R(Φ−1)∗δdvol
which does not include the integral around the boundary since Φ∗Hδ has trivial
holonomy here. By [AS01, Lem 3.2(iii)] we have (Φ−1)∗Rδ = R(Φ−1)∗δ. In the con-
struction in [AS01], Φ only depends on the value of δ over the boundary. Therefore,
as in the vanishing holonomy case, the vertical Maslov index of Φ◦u is non-negative
for δ small enough over the interior of the disk. Since Φ ◦ u is isotopic to u, the
proposition follows.

Corollary 5.2. Let LF → L→ LB be a trivially fibered Lagrangian in a symplectic
Ka¨hler fibration. Let v : D → (B,LB) be a JB-holomorphic disk and Lv : D →
(E,L) be a Donaldson lift as in Theorem 5.3 in the given G-connection. Then
the vertical symplectic area of Lv is equal to (minus) the integral of the holonomy
Hamiltonian around the boundary:
(32) ev(Lv) :=
∫
D
Lv∗a = −
∫
∂D
Lv∗δ
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Proof. From the definition of a and Stokes’ theorem, we have∫
D
Lv∗a =
∫
D
Lv∗ωF −
∫
D
Lv∗dδ =
∫
D
Lv∗ωF −
∫
∂D
Lv∗δ
By the final statement in Proposition 5.2 and monotonicity of (F,LF ),∫
D
Lv∗ωF = λIF (Lv) = 0
from which the corollary follows. 
5.5. Existence of regular lifts. We show we can do the same as Corollary 5.1
for more general configurations, as well as achieve transversality for such sections:
Theorem 5.3. Let v : C → B be a regular JB-holomorphic configuration of type
(Γ, q) with output v(x0) = q˜, no sphere components, and no broken edges, and let
HG be a G-connection on v
∗E. Then for any p˜ ∈ pi−1(q˜) ∩ LF , there is a unique
lift Lp˜v : C → E with Lp˜v(x0) = p˜ that is vertically constant with respect to HG on
disk components and JG-holomorphic. Moreover, if Ind(Γ, q) = 0, then Lp˜v lives
in a smooth moduli space of expected dimension dimW+Xg (p) where p is the limit of
the gradient flow starting at p˜.
Notation: Given such a type (Γ, q), we denote by (pi∗Γ, p) its lift through p, also
called a Donaldson lift.
Proof. We construct a lift by matching the chain of boundary conditions, and then
we prove transversality. Let v0 be the restriction of v to the disk component D0
closest to the output, let E01 denote the edge between D0 and some adjacent
component D1, and let v1 denote the restriction of u to D1 that meets E01 at x2.
By Lemma 5.1, there is a unique vertically constant lift vˆ0 with vˆ0(x0) = p. Let x1
be the boundary point corresponding to where E01 connects to D0. The projection
of the flow of X starting at vˆ(x1) agrees with the flow of Xb, so flowing X for
time `(E01) lands at a point p1 ∈ pi−1(v(x2)). Take the unique lift of vˆ1 of v1 with
vˆ(x2) = p1, and continue in this fashion until a lift of v is constructed on every
disk component. This gives a JG-holomorphic Floer trajectory Lp˜v : C → E with
boundary in L.
To see the expected dimension of pi∗Γ, we have the following lemma:
Lemma 5.2. Let (v,Γ, q) be a regular configuration of index 0 in B. Then the
Donaldson lift has expected dimension
(33) Ind(Lp˜v, pi∗Γ, p) = Ind(v,Γ, q) + dimW+Xg (p).
Proof of lemma. Let vi denote a surface component. We have that IF (Lvi) = 0 by
Proposition 5.2. Moreover, mv(z0) = mLv(z0) for an interior marked point z0 as
the derivative of dLvi(z0) vanishes to all orders in the vertical direction. Since
dimW+X (p) = dimW
+
X]b
(p) + dimW+Xg (p) = dimW
+
Xb
(q) + dimW+Xg (p),
the lemma follows. 
Finally, we show the transversality statement, and to start we restrict to a single
disk component v : D → (B,LB). Since the divisor is stabilizing for LB , we can
assume that D has an interior marked point and the domain is stable as a marked
disk. Choose a metric g on the vertical sub bundle TF which makes TLF |∂D totally
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geodesic. First, we achieve transversality for the disk Lpv as a section of v∗E, and
then explain how transversality follows for the disk in the total space. Let ` ∈ LF
and Mapk,`sec(D,u
∗E, u∗L, p)[Lpv] be the space of (continuous) sections u of v
∗E with
boundary values in v∗L in the class [Lpv], that have k weak derivatives which are
` integrable and such that u(1) = p. Such a space is a Banach manifold that is
locally modeled on W k,`(D,u∗TF, u∗TLF )1, (k, `) vector fields which vanish at 1,
via geodesic exponentiation in the metric g.
This space admits a vector bundle Ek−1
JG,j
whose fibers are given by
(Ek−1JI ,j )u = Λ
0,1
JI ,j
(D,u∗TF )k−1,`
where j is the standard complex structure on D. We have a section
(34) ∂¯Xδ,ju := pi
Xδ
TF [du+ J
G ◦ du ◦ j]
where piTF is the projection onto TF in the splitting TF ⊕Hδ.
Let Du∂¯Xδ,j be the linearization of (34) at u. In coordinates (34) has the form
du+ JI ◦ du ◦ j +X0,1δ (u)
so the linearization is a real linear Cauchy-Riemann operator and hence it is Fred-
holm (see [MS04, Prop 3.1.4] for an explicit formula). We show that the lineariza-
tion is surjective at the Donaldson lift Lpv.
Let G be the trivializing gauge transformation from Theorem 5.1. By Proposition
5.1, G induces an isomorphism
(35)
Ek−1JI ,j Ek−1JI ,j
Mapk,`sec,[Lpv] Map
k,`
sec,G∗[Lpv]
G∗
G
Moreover, we have that
∂¯0,jG ◦ u = G∗∂¯Xδ,ju
by the following three facts: G ◦piXδTF = pi0TF ◦G since the connection on the target is
G(Hδ), the equation (31), and the chain rule for complex derivatives. From this one
gets that the linearizations commute with dG, so it suffices to show that DGLpv∂¯0,j
is surjective. Since JI is integrable, the latter is given by
ξ 7→ (∇ξ)0,1
(see [MS04, Rem 3.1.2]) where ∇ is some Chern connection induced by JI , which is
the standard ∂¯-operator associated with the trivial vector bundle (GLpv)∗TF . By
construction G(Lpv) is given as a constant section, and we have an isomorphism of
tangent spaces that starts at the right side of the above diagram
(36)
Λ0,1JI ,j(D,GLpv∗TF )k−1,p Λ
0,1
JI ,j
(D,w∗TF )k−1,`
W k,`(D,GLpv∗TF,GLpv∗TLF )1 W k,`(D,w∗TF,w∗TLF )1
∼=
∼=
where w : D → LF is a constant map. w extends to a map w : P1 → F
and by Schwarz reflection along the boundary conditions and gives an injection
W k,`(D,w∗TF,w∗TLF )1 ↪→ W k,`(P1, w∗TF )1 that preserves holomorphic vector
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fields. However, if we ignore the vanishing condition for a moment, the only holo-
morphic vector fields in the latter are constant since it is the trivial bundle, so
dimR kerDw∂¯0,j = dimR F.
By the Riemann-Roch theorem, the index of Dw∂¯0,j (without the vanishing condi-
tion) is also dimR F , so it follows that it is surjective. From the above isomorphisms
it follows that DLpv∂¯Xδ,j is surjective.
Next, we need to show that Du is surjective at any holomorphic section in the
class [Lpv]. We have the following rigidity statement:
Lemma 5.3. Lpv is the only JG-holomorphic section in the class [Lpv] with u(1) =
p.
Proof of lemma. Let u be some JG-holomorphic section in the class [Lpv]. Via
the trivializing gauge transformation and Proposition 5.1, u induces a section u˜ of
G(v∗E) that is JI×j-holomorphic. Sections of G(v∗E) are in one-to-one correspon-
dence with JI -holomorphic disks D → (F,LF ). By the energy identity in F with
norm induced by JI , it follows that if u˜ is not a constant section then∫
D
u˜∗ωF > 0.
Clearly
∫
D
G(Lpv)∗ωF = 0, so it follows that u˜ cannot be in the class G∗[Lpv]. Since
we are prescribing the condition u(1) = p, the lemma follows. 
By elliptic regularity every element in the kernel of ∂¯Xδ,j is smooth for smooth
JG. By the implicit function theorem, the moduli
MsecJG,j,[Lpv](v∗E, v∗L)0 := ∂¯−1Xδ,j(0)
of smooth holomorphic sections with u(1) = p in the class [Lpv] is smooth of
expected dimension.
Next we explain why we can achieve transversality for such a lift when considered
as a class in the total space, given the fact that we have transversality for the map
in the base. Again, we focus on a single disk component: We have a Banach vector
bundle
E˜k−1
JG,j
→ Mapk,`pi∗Γ(D,u∗E, u∗L, p)
whose base is the space of (k, `) treed disks of type pi∗Γ with output p modeled on
W k,`(D,u∗TE, u∗TL)1 and whose fiber at a map u is Λ
0,1
JG,j
(D,u∗TE)k−1,` , where
JG is now an almost complex structure on the total space of the form (15).
The bundle mentioned above depends on the JB we choose on the base. In fact,
there is an extension of this bundle to a base
B(E,L)k,`,l := Mapk,`(E,L)× P lpi∗Γ(E,D)JI ,HG
with P lpi∗Γ(E,D)JI ,HG the space of domain dependent perturbation data as in defi-
nition 3.7 that fix the vertical complex structure and Hamiltonian connection. From
now on we denote an element of this space by J . We have a ∂¯ operator as a section
∂¯J,j : B(E,L)k,`,l → E˜k−1J,j
∂¯J,j = du+ J ◦ du ◦ j
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Since each J preserves HG, we have a splitting above surface components that does
not depend on J :
(37) Λ0,1J,j(D,u
∗TE)k−1,` ∼= Λ0,1JI ,j(D,u∗TF )k−1,` ⊕ Λ
0,1
J,j(D,u
∗HG)k−1,`.
Λ0,1J,j(D,u
∗HG)k−1,` is isomorphic to Λ
0,1
JB ,j
(D,pi ◦u∗TB)k−1,` by a (J, JB) equivari-
ant isomorphism given by “horizontal lifting”, e.g.
Λ0,1JB ,j(D,pi ◦ u∗TB)k−1,` → Λ
0,1
Jσ,j
(D,u∗HG)k−1,`(38)
η 7→ (−X0,1σ ◦ η, η)(39)
in a trivialization.
The linearized operator can be written as
(40) Du,J ∂¯J,j = Du∂¯J,j + J ◦ du ◦ j,
where we explain the form of J: The space P lpi∗Γ(E,D)JI ,HG admits a pushforward
pi∗P lpi∗Γ(E,D)JI ,HG by Lemma 3.1. In words, this is the space of domain dependent
complex structures with values in J l(B,ωB) satisfying some additional conditions
according to Definition 3.7. For KB ∈ Tpi∗P lpi∗Γ(E,D)JI ,HG , we can construct a
canonical J which looks like
(41) KB 7→ J =
[
0 Xσ ◦KB
0 KB
]
in some coordinate chart. The linearized operator splits as well:
DTFu ⊕DHGu,J : W k,`(D,u∗TF, u∗TLF )⊕W k,`(D,pi ◦ u∗TB, pi ◦ u∗LB)× TP lpi∗Γ →
→ Λ0,1JI ,j(D,u∗TF )k−1,` ⊕ Λ
0,1
J,j(D,pi ◦ u∗TB)k−1,`
Namely, the Du part splits and the summand depending on J lands in the second
factor.
From the above argument for transversality of holomorphic sections in the class
[Lpv] it follows that the linearized operator is surjective onto the first summand.
For the second factor in the splitting, it follows from [CW, Thm 2.22] that
variations of the KB (41) are sufficient to achieve surjectivity of D
HG onto the
second factor.
By the implicit function theorem it follows that (∂¯J,j)
−1(0) is a smooth manifold.
By a Sard-Smale argument, there is a comeager set of J at which the linearization
of the projection Π : (∂¯J,j)
−1(0) → P lpi∗Γ(E,D)JI ,HG is surjective. However, the
cokernel of Π at such a J is isomorphic to the cokernel of Du,J ∂¯JG,j at the same J .
By the implicit function theorem, it follows that moduli space of disks
MJ,j,[Lpv](E,L)
is smooth and of expected dimension for the comeager set of J . By assumption and
the splitting of the linearized operator, our chosen J lies in this set.
Transversality along the edges and at the matching conditions is a standard
argument and done in [Sch, Thm 6.1]. Transversality at the intersections with the
divisor is done in detail [CM07, Lem 6.6].

Regularity of the projection E → B follows from the proof of Theorem 5.3. We
will need this result in the proof of the main theorem:
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Lemma 5.4. Let uΓ : UΓ → E be a regular PΓ-holomorphic configuration PΓ as in
Theorem 4.1. Then pi ◦ uΓ is a regular JB-holomorphic configuration.
Proof. The fact that pi ◦u is JB holomorphic is clear. Furthermore, by the choice of
pseudo-gradient perturbation data and the discussion in Section 2.1, we have that
pi ◦ u is a Morse flow on edges. For almost complex structures of the form (15) the
splitting (37) holds we have the commutative diagram on surface components:
(42)
Mapk,`[u] (E,L)
Λ0,1j,J(D,u
∗TF ⊕H)k−1,`
Mapk,`[pi◦u](B,LB) Λ
0,1
j,JB
(D,pi ◦ u∗TB)k−1,`
pi∗
Du,J
dpi∗
Dpi◦u,JB
By assumption, Dv˜,JG is surjective, and thus must be surjective onto the second
part of the splitting (37). By the isomorphism (38), it follows that dpi∗ is surjective,
so it follows from the diagram that Dpi◦u,JB is surjective.
There is a similar splitting and diagram along the edges, from which regularity
follows.

5.6. The lifting operator. With Theorem 5.3 in place, we can finally define a
map on moduli spaces. We begin to follow the notation from the introduction,
with x some critical point in LB and x
i a lift of x to a critical point in L. Given a
combinatorial type (Γ, x) in B with index 0 and an xi ∈ Crit(pi−1(x)), let
(43) Mpi∗Γ(E,L, JG, xi)
be the moduli space of holomorphic configurations of the same combinatorial type
as a Donaldson lift as in Theorem 5.3. We showed that this is regular and of
expected dimension, and by Lemma 5.3 it contains only Donaldson lifts.
Definition 5.5. Choose a combinatorial type (Γ, x) for (B,LB) of expected di-
mension 0 and a lift xi of x. For each uj ∈ MΓ(B,LB , JB , x), choose a qj ∈
pi−1(u(1)) ∩W+X (xi) and denote by q = (q1, . . . ) the set of choices across all such
u. For a coherent regular perturbation datum (PΓ) that uses J
G for all types with
IF (Γ) = 0, a lifting operator is defined as
(44) LΓq :MΓ(B,LB , JB , x)→Mpi∗Γ(E,L, JG, xi)
that lifts a configuration to the unique vertically constant configuration through qj .
We thus have a collection of lifting operators for each choice q and we get a
surjection when we consider a collection {LΓq} for which each qj hits all points in
pi−1(uj(1)) ∩W+X (xi).
Note that the choice of q is unique when xi = xM , the unique maximal index
critical point for the fiber. In such a case we will simply denote the lifting operator
as LΓxM .
Remark 5.4. The Donaldson moduli space 43 is contained in the larger moduli
space
MIF=0(E,L, JG, xi)
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consisting of all JG-holomorphic aspherical types with 0 vertical Maslov index on
each disk component. However, Lemma 5.3 can be rephrased as
Lemma 5.5. u is vertically constant for u ∈MIF=0(E,L, JG, xi).
which shows that these two moduli are actually the same.
5.6.1. Coherence perturbation data. The next technical detail is to realize the al-
most complex structure JG as a part of a coherent system as in Theorem 4.1, which
allows the compactness argument 4.2 to run. In general, the answer is no since a
vertically constant configuration (say Γ1) may be a piece of a broken configuration
Γ1 ∪ Γ2 at the boundary of the one dimensional moduli space. Let Γ denote the
configuration obtained by contracting an edge between Γ1 and Γ2 and S denote the
newly formed surface component: Then Γ is index 1 and we need to allow a more
general perturbation datum on S to rule out sphere and vertical disk bubbling in
line with Theorem 4.2. However, it would not be possible for JG to be given by
pullback as per the (contracting an edge) and (products) axioms, since JG would
not be regular for spheres or vertical disks that may bubble off of S. However,
it suffices to use JG to compute holomorphic representatives of index 0 vertically
constant types by using the notion of a regular homotopy and showing that the
moduli space Mpi∗Γ(E,L, JG, p) is in bijection with one defined using a perturba-
tion datum from Theorem 4.1. In this section, we briefly outline why this is true,
but the reader may skip ahead.
Definition 5.6. For a combinatorial type Γ with Ind(Γ, x¯) ≤ 1, and two regu-
lar fibered almost complex structures Ji i = 0, 1 as in Definition 3.7 for a fixed
(domain dependent) JB , define a regular smooth homotopy fixing JB , denoted
Jt ∈ J regΓ,JB (J0, J1), as
Jt : [0, 1]→ P lΓ(E,D)
J0 = J0
J1 = J1
with each Jt making pi a holomorphic map with respect to JB on the base, and
such that the linearized operator
Du,Jt +
∂
∂t
Jt ◦ du ◦ j
is surjective at each t ∈ [0, 1] and u ∈MΓ(L, Jt) (here, the first summand is defined
as in (40)).
Let JΓ,JB (J0, J1) be the Banach manifold of (not necessarily regular) smooth
homotopies fixing JB . We use the following adaption of [MS04, Thm 8.4.1]:
Theorem 5.4. For a combinatorial type Γ with Ind(Γ, x¯) ≤ 1 and a regular JB, let
Ji, i = 0, 1 be regular upper triangular almost complex structures for type (Γ, x¯) such
that Ind(Γ, x¯) ≤ 1. Then there is a Baire set of smooth homotopies J regΓ,JB (J0, J1) ⊂
JΓ,JB (J0, J1) such that if Jt ∈ J regΓ,JB (J0, J1), then there is a parameterized moduli
space WΓ,JB (Jt) that is a smooth oriented manifold with boundary
∂WΓ(Jt) =MΓ(L, J0)− unionsqMΓ(L, J1)
so that these two moduli spaces are oriented compact cobordant.
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Proof. The proof is the same as an argument of Theorems 4.1 and 4.2. The projec-
tion from the universal moduli space MunivΓ (L, Jt) → JΓ,JB (J0, J1) has the same
Fredholm index and cokernel dimension as the linearized ∂¯ operator, and the points
where the projection is surjective are precisely the regular homotopies. After show-
ing that the universal space is a Cl Banach manifold, one then uses the Sard-Smale
theorem to find a Baire set where the projection is submersive and applies an ar-
gument due to Taubes to show a comeager set of smooth homotopies. 
Let 0 <  < 0 < 1. The above theorem tells us that MΓ(L, J0) and MΓ(L, J)
compact cobordant, and thus are diffeomorphic for  << 1. Indeed, any regular
homotopy induces a cobordism W∨Γ (Jt) → [0, 1] that is a submersion at 0. Since
the property of being a submersion is an open condition, this must be a sub-
mersion in a neighborhood [0, ). It follows Mpi∗Γ(E,L, JG, p) is diffeomorphic to
Mpi∗Γ(E,L, Jδ, p) for Jδ from Theorem 4.1 close enough to JG.
5.7. Spin and relative spin structures on L. We want to have coherent ori-
entations on the moduli of holomorphic disks as in Theorem 4.1 so that the lifting
operator (44) is orientation preserving. Thus we must discuss these structures for
trivially fibered L. Note that since L is topologically trivial, the existence of a spin
structure on any two of L, LF , and LB gives the existence of such on the third
by naturality and the product formula for the Stiefel-Whitney class w(L). In the
converse direction, a choice of spin structures on LB and LF gives one on L.
More generally, we have the following notion in the literature (c.f. [FOOO09,
Def 8.1.2]):
Definition 5.7. A relative spin structure on an oriented Lagrangian L is a choice
of an oriented real vector bundle V on M with w2(V |L) = w2(TL).
Given a relative spin structure V for L, we can determine one on LF as follows:
We have w2(TLF ⊕ TLB ⊕ V ) = 0 so that for ιp : LF → Fp the inclusion we get
w2(TLFp ⊕ ι∗pV ) = 0 since ι∗pTLB is the trivial bundle.
On the other hand, there is no clear way to induce a relative spin structure for
L given that of LB and LF since it would require extending a vector bundle from a
fiber to the total space. Thus, we consider only trivially fibered Lagrangians such
that LB is relatively spin and LF is spin. Thus, a relative spin structure V for LB
induces one for L by pullback pi∗V after choosing one for LF . We call the relative
spin structure induced on L this way a relative spin-spin structure.
Proposition 5.3. Equip L with a relative spin-spin structure. Given a collection of
types with Ind(g, y) ≤ 1 as in Theorem 4.1 containing Donaldson lifts, there exists
a system of coherent orientations on the associated moduli spaces so that LΓxM (44)
is orientation preserving.
Proof. The existence of coherent orientations for no-leaf configurations in the base
follows from [CW, Thm 4.21]. Choose orientations on the Lagrangians so that
detLF ⊗ detLB ∼= detL. We have that W+Xb(x) is naturally diffeomorphic to
W+X (x
M ), since they are in a neighborhood of their respective critical points by
construction and we can extend such a local diffeomorphism via the flow. Thus
choose orientations on W±X (x
i
j) so that this diffeomorphism is orientation preserving
in addition to satisfying det(TxijW
+
X (x
i
j) ⊕ TxijW
−
X (x
i
j))
∼= detTxijL. Moreover,
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MΓ ∼= Mpi∗Γ since we only change relative homology classes when we lift. From the
orientation isomorphism (21) we have
detDLΓ
xM
u
∼= detMΓ ⊗ detTLF ⊗ detTLB ⊗ detTW+Xb(x).
To see the orientation preserving claim, it suffices to check that the detTLF factor
does not depend on the map u. We may assume that LΓxMu(1) = xM . For fixed
u, an orientation of LF at xM determines the above isomorphism with detDLΓ
xM
u
uniquely by the spin property of LF . On the other hand, each LΓxMu has ver-
tical Maslov index 0, so the isomorphism only depends on detTLF |xM . Since
detLF |xM ∼= detLF |x′M by triviality of L, the lift induces the same sign across all
xM and u. Finally, one can begin with an orientation on LF so that this sign is
positive. 
6. Floer invariants
6.1. An A∞-algebra. While the disk potential is the main focus of this paper,
we define the A∞ algebra of a fibered Lagrangian to actually use the power of the
potential.
Let E be a symplectic Ka¨hler fibration, and L a fibered Lagrangian. For a
relative homology class u ∈ Hdisk(E,L), let
ev(u) :=
∫
D
u∗a
denote the vertical symplectic area. To avoid mentioning “K” too many times, we
let
e(pi ◦ u) :=
∫
D
Kpi ◦ u∗ωB .
Define the ring
Λ2 :=
{∑
i,j
cijq
ρirηj |cij ∈ C, ρi ≥ 0, (1− )ρi + ηj ≥ 0
#{cij 6= 0, ρi + ηj ≤ N} <∞
}
The epsilon can be arbitrarily small, and is to ensure that in a certain degree we
have a lower bound on the negativity of the power of r. We include it partially to
be consistent with [Sch].
6.1.1. Grading. Let L(B)→ B be the fiber bundle with fiber L(B)b = Lag(TbB,ω)
the Lagrangian subspaces in TbB. Following Seidel [Sei00] an N -fold Maslov cov-
ering of B is the fiber bundle
L(B)N → E
with fibers the unique N -fold Maslov cover LagN (TbB,ω) of Lag(TbB,ω). Such a
cover is unique up to isomorphism if H1(B) = 0 [Sei00, Lem 2.6]. For an orientable
Lagrangian LB , there is a canonical section s : LB → L(B)|L. A ZN -grading of LB
is a lift of s to a section
sN : LB → LN (B)|LB .
Hence, we fix a grading on L as a fibered Lagrangian via
|x| := |pi(x)|sN + dimW+Xg (x) (mod gcd(N,Σ))
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where Σ is the minimal Maslov index for (F,LF ).
The A∞-algebra of a fibered L is the family
A(L) = (CF (L,Λ2), µn)
with
µn : CF (L,Λ2)⊗n → CF (L,Λ2)(45)
µn(x1 ⊗ . . . xn) =
∑
x0,[u]∈MΓ(L,D,x)0
(σ(u)!)−1ε(u)(−1)
∑
i i|xi|HolL(u)rev(u)qe(pi◦u)x0
(46)
where ε(u) is ±1 depending on the orientation of the moduli space, σ(Γ) is the
number of interior marked points on u, and x := x0 ⊗ x1 ⊗ . . . xn is shorthand. By
Theorems 4.1 and 4.2, there is a comeager selection of fibered perturbation data so
that the sum is well defined with coefficients in Λ2.
As a typical result, we will prove that the multiplication maps satisfy the A∞
axioms
(47)
0 =
∑
n,m≥0
n+m≤d
(−1)n+
∑n
i=1 |ai|µd−m+1(a1⊗. . . an⊗µm(an+1⊗. . . an+m)⊗an+m+1⊗. . . ad)
Theorem 6.1. For a coherent, regular, stabilized fibered perturbation system, the
products in (45) satisfy the axioms of a A∞-algebra.
Proof. We show the proof modulo signs and up to reordering the interior marked
points, with the subject of orientations taken up precisely in [CW, Thm 4.33].
For bounded energy, Theorems 4.1 and 4.2 say that the compactification of the
1-dimensional component of the moduli space M(L,D, x, e(u) ≤ k)1 is a compact
1-manifold with boundary. Thus,
(48) 0 =
∑
Γ∈Mm,n
∑
[u]∈∂MΓ(L,D,x,e(u)≤k)1
(−1)†(σ(u)!)−1HolL(u)rev(u)qe(pi◦u)
Each boundary combinatorial type is obtained by gluing two types Γ1, Γ2 along
a broken edge that is a root for Γ1 resp. leaf for Γ2. Since our perturbation is
coherent with respect to cutting an edge, we have that
∂MΓ(L,D, x)1 ∼=
⋃
y,Γ1,Γ2
MΓ2(L,D, x0, . . . , xi−1, y, xi+1+k . . . xn)0
×MΓ1(L,D, y, xi, . . . , xi+k)0
Thus, for each boundary [u] = [u1]× [u2], we have that
HolL(u) = HolL(u1)HolL(u2)
ev(u) = ev(u1) + ev(u2)
e(pi ◦ u) = e(pi ◦ u1) + e(pi ◦ u2)
as well as the analogous statement for orientation signs. Let mi = σ(ui). Then for
each [u1]× [u2] of combinatorial type Γ1×Γ2, there are
(
m
m1
)
ways to distribute the
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interior markings to each unbroken piece. These observations with (48) give us the
formula
(49) 0 =
∑
y,Γ1,Γ2
∑
[u1]∈MΓ1 (L,D,y,xi,...,xi+k)0
[u2]∈MΓ2 (L,D,x0,...,xi−1,y,xi+1+k,...xn)0
(−1)†(m!)−1
(
m
m1
)
HolL(u1)HolL(u2)r
ev(u1)rev(u2)qe(pi◦u1)qe(pi◦u2)
which shows (47) up to signs. 
6.2. The disk potential. We use our lifting operator to explore the 0th structure
map in (45). One can often prove Hamiltonian non-displaceability of a Lagrangian
by simply finding critical points of µ0. We prove a formula that expresses the low
energy terms of µ0 as a sum of terms coming from the base and fiber. This section
is a set-up for the main ideas involved in the statement of the main theorem.
Definition 6.1. The second order potential for a fibered Lagrangian in a symplectic
Ka¨hler fibration is
(50) W2L[q, r](ρ) :=
∑
u∈Ix
x∈crit(f)
(σ(u)!)−1ε(u)Holρ(u)qe(pi◦u)rev(u)x
where for each x
Ix =
{
u ∈M(E,L, x)0 |e(pi ◦ u) = 0
}
⋃{
u ∈M(E,L, x)0 |e(u) = min
v∈M(E,L,x)0
{e(v) : e(pi ◦ v) 6= 0}
}
.
In words: the second order potential is a sub-sum of µ0 that counts isolated
holomorphic disks contained in a single fiber, along with the holomorphic disks of
minimal energy in the total space that project to non-constants.
For a monotone Lagrangian, one can write down the entirety of µ0 (i.e. see
[Oh93] or [FOOO10] for the toric case). Following notation in the introduction, let
xM be the unique maximal critical point of g|LF . Since LF is monotone and has
minimal Maslov number at least 2, we have that
µ0LF (θ)[r] =
∑
u∈M(F,LF ,xF )0
ε(u)Holθ(u)r
2λxM
where λµF (u) =
∫
u∗ωF and the sum is finite (or empty if the minimal Maslov
number is greater than 2).
For dimensional reasons, the only terms in µ0L that project to constants appear
as coefficients of xMM , the unique maximal index critical point of f .
One can define an arbitrary order potential
WkL[t] :=
∑
u∈Ikx
x∈crit(f)
(σ(u)!)−1ε(u)Holρ(u)te(u)x
with
Ikx =
{
u ∈M(L, x)0 |@{ui}1≤i≤k ∈M(L, x)0 : 0 < e(u1) < · · · < e(uk) < e(u)
}
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This definition will be used to find a Floer-non-trivial Lagrangian in the complete
flag manifold of arbitrary dimension (9.3).
Following [CW], one can define the 0th multiplication map for a rational LB ,
which fits into the A∞-algebra for said Lagrangian:
Definition 6.2. For generating critical points x ∈ CF (LB ,Λq) and a coherent,
stabilized, regular perturbation system of domain dependent data PB , the potential
for a rational Lagrangian in a rational symplectic manifold is
(51) µ0LB (θ)[q] =
∑
x∈Critb
u∈M(B,LB ,y,PB)0
(σ(u)!)−1ε(u)Holθ(u)qe(u)x
Given a representation ρ ∈ Hom(pi1(L), (Λ2)×) and a critical point xj corre-
sponding to a point in pi−1(u(1)), define a representation
u 7→ Holρ(Lxju)
for elements in u ∈MΓ(B,LB , JB , x).
Enumerate the critical points resp. fibers xi resp. Fi, and let x
M
i be the unique
index zero critical point of g|LFi in the fiber above xi. Using the lifting operator
from Section 5.6, we perform a transformation on the base potential:
Definition 6.3. The lifted potential for LF → L→ LB is
L ◦ µ0LB (θ)[q, r] :=
∑
i, u∈M(B,LB ,xi,JB)0
(σ(u)!)−1ε(u)Holρ(LxMi u)q
e(u)rev(Lu)xMi
In words, we take each configuration u ∈M(B,LB , yi) and compute its Donald-
son lift through the stable manifold of xMi .
Remark 6.1. In the presence of orientations and more general coefficients, there
may be cancellations between configurations in (51) that may not occur in the
lifted potential. We interpret the lifted potential as first looking at the Moduli
spaces, taking lifts, and then performing any algebraic operations. In this sense, it
is not an algebraic operation on µ0LB .
7. Statement and proof of the main theorem
To relate all of these concepts from Section 6.2, we want to understand how the
index changes when we project a single-output configuration, and when we lift such
a configuration. First, we prove a short proposition:
Proposition 7.1.
0 ≤ Ind(Υ ◦ pi∗Γ, pi(x)) ≤ Ind(Γ, x)
for a regular type Γ for which MΓ 6= ∅.
Proof. We compare terms in formula (19). By Proposition 5.4, we know that 0 ≤
Ind[Υpi∗Γ]. For the other inequality, we check each component of the index formula:
By construction of the pseudo-gradient we have that flow lines project to flow lines,
hence
dimW+
Xg⊕X]b
(x) = dimW+Xg (x) + dimW
+
Xb
(pi(x)).
Recall the definition of mz0(u) as the intersection multiplicity of u at z with the
divisor. We show the following lemma:
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Lemma 7.1. For an interior marked point z0 ∈ Ci for u, we have mz0(u) =
mz0(pi ◦ u).
Proof of lemma. We use the equivalence with the Cieliebak-Mohnke definition (18).
Let UB be a neighborhood of pi◦u(z0) and UF a fiber neighborhood in F of u(z0) so
that φ : UB×UF → Ck×Cl is holomorphic and sends (DB∩UB)×UF to Ck−1×Cl.
In an open set V around z0, we have u|V = uB × uF in these coordinates, and the
multiplicity of u at z0 is
mz0(u) = j + 1 : min
j≥0
d(j)z0 uB ⊕ d(j)z0 uF ∈ Ck−1 × Cl
while the degree of multiplicity of pi ◦ u is
mz0(pi ◦ u) = j + 1 : min
j≥0
d(j)z0 uB ∈ Ck−1
but d
(j)
z0 uF ∈ Cl by definition, so clearly mz0(u) = mz0(pi ◦ u)). 
To compare indices directly, we have:
Lemma 7.2. For an unbroken and aspherical configuration Γ, the expected dimen-
sion of the moduli space MΥpi∗Γ(B,LB , pi(x)) for the projected configuration is:
Ind(Υpi∗Γ, pi(x)) =Ind(Γ, x) + [#forgotten nodes−
∑
i
IF (ui)]+(52)
+
∑
ze∈Edge•→
[mze(u)−mze(pi ◦ u)]− dimW+Xg (x)(53)
Proof of lemma. This is the result the Riemann-Roch Theorem applied to the ∂¯
problem on pi ◦ u∗i (TB, TLB) on each surface component, together with assuming
that the nodal and tangency conditions are cut out transversely and counting their
codimension. Indeed, the index of the linearized operator at pi ◦ ui is given by
IB(pi ◦ ui) + dimLB − 3, which is the expected dimension of the space of solutions
assuming surjectivity. The requirement to evaluate to W+Xb(pi(x)) is codimension
dimW−Xb(pi(x)). On the other hand, the index of the linearized operator at ui is
I(ui) + dimL− 3 where evaluation is codimension W−X (x). We have
IB(pi ◦ ui) + dimW+Xb(pi(x)) = I(ui) + dimW+X (x)− IF (ui)− dimW+Xg (x)
by definition of the vertical Maslov index and the adapted pseudo gradient, and
this accounts for the last terms in lines (52) and (53).
The presence of a boundary node on Γ with zero length edge is a codimension
1 restriction, so forgetting any such nodes after stabilizing with Υ removes this
restriction. This accounts for #forgotten nodes.
Each tangency to the divisor is a codimension mu(ze) condition, which accounts
for the sum in line (53). Since each component with an interior marked point is
already stable, it follows that Υ forgets none of these.
Finally, by assumption the middle two terms in (20) are 0 for both configurations,
so they do not appear here.

Each forgotten node must have at least one associated forgotten surface compo-
nent. By the fact that ΣLF ≥ 2 and non-negativity of µF for any ui (Proposition
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5.2) we have
#forgotten nodes−
∑
i
µF (ui) ≤ 0.
Thus, by Lemmas 7.1, 52, and non-negativity of W+Xg (x), the proposition follows.

Remark 7.1. Note that (52) does not hold as soon as we include any input on our
configuration.
We are now ready to state and prove the main theorem. If xM is the unique
maximal index critical point for b on LB , let ixM∗ : CF (LF ,Λ[r])→ CF (L,Λ2) be
the map induced from the inclusion ixB : LF → L of LF as the fiber of xM .
Let i∗ : Hom(pi1(L), (Λ2)×) → Hom(pi1(LF ), (Λ2)×) be the map on representa-
tions induced from ixM∗.
Theorem 7.1 (Main Theorem 1.2). Let E be a compact symplectic Ka¨hler fibration
and L a trivially fibered, relatively spin-spin Lagrangian. Let (PΓ)γ be a choice of
regular, coherent, stabilized, smooth perturbation datum as per Theorems 4.1, 4.2,
and 5.3. The only terms appearing in the second order potential for L are the
vertically constant lifts of index 0 configurations with output a fiberwise maximum
and horizontally constant configurations in the maximal critical fiber
(54) W2L[q, r](ρ) =
[
L ◦ µ0LB (ρ)
]
degqr=Kx
+ ixB∗ ◦ µ0LF (ι∗ρ)
where for each generating critical point x, we have
Kx = min
{
e(u) : [u] ∈M(E,L, x)0, pi ◦ u 6= const.
}
It follows that
Corollary 7.1. If µ0LB (θ) is a multiple of xM on LB, then µ
0
L(ρ) is a multiple of
xMM for an appropriate Morse function g + pi
∗b on L.
Remark 7.2. The maximal index critical point xMM ∈ CF (L,Λ2) often functions
like a unit in the A∞ algebra of L, and the above corollary is the first step to-
wards showing that one has (µ1L)
2 = 0. To actually achieve this with the domain
dependent perturbation system, one has to introduce additional copies of xMM to
the A∞ algebra of L and restrict to perturbation data that is coherent with respect
to forgetting incoming edges with labels among these copies. We explain this in
more detail in subsection 8.1 and give a simple criterion for Floer cohomology to
be unobstructed at the end of section 8.
Proof of theorem. If we can realize every term in the second order potential (50) as
either a Donaldson lift of an index 0 configuration or horizontally constant, then we
will be done due to the fact that the second summand on the right hand side of (54)
always appears in (50) and are the only horizontally constant terms appearing for
index reasons. The strategy is to take a non-horizontally constant term appearing
in (50), project it, lift it, and show that we get the same configuration back.
Let u correspond to horizontally non-constant configuration appearing in (50).
By Proposition 7.1 and Lemma 5.4, pi◦u appears in the potential for LB (51) before
cancellation. By Lemma 5.2, we have that Lxi(pi ◦ u) is counted in µ0L precisely
when xi is the maximum of a critical fiber (more precisely, when the evaluation of
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Lxi(pi ◦ u) at the output lies in the stable manifold of such a critical point). Thus,
Ind(Γ, xM ) = Ind(Υpi∗Γ, pi(xM )) = 0
Lemma 7.3. u = LxM (pi ◦ u) for such a horizontally non-constant u counted in
the second order potential (6.1).
Proof of lemma. First, we rule out that u has any marked (horizontally constant)
components. If u has non-constant marked components, then by formula (52) and
the fiber monotonicity, pi◦u is of type Υ◦pi∗Γ with negative index. This contradicts
Lemma 5.4. Thus, u does not have any marked components. It follows from the
non-negativity of all the terms in the RHS of (52) that they all must be 0 for u,
and in particular IF (u) = 0.
It follows from this vertical Maslov index observation, Lemma 5.5, and regularity
from Theorems 5.3, 5.4 that we can use a perturbation data of the form JG for
the combinatorial type Γ. However, this forces u to be a Donaldson lift and we are
done. 
From Proposition 5.3, it follows that every lifted disk contributes (+1) or (−1)
depending on the orientation we choose for LF . We assume that the contribution
is (+1). 
The main point of the potential is to allow us to calculate Floer cohomology
in simple way. The general theorem that one aims to prove is along the lines of
[FOOO10, Thm 4.10]: If the assumptions in Corollary 7.1 hold and we have a
critical point of this potential at a particular representation, then the differential
at the higher pages of the Morse-to-Floer spectral sequence vanishes and the Floer
cohomology is isomorphic to the Morse cohomology. This is detailed in the next
subsection.
8. Unobstructedness and non-displaceability criteria
We explain how to use corollary 7.1 to provide a criteria for the Floer cohomology
of L to be defined, and use an idea due to [FOOO10][BC09] to show when the Floer
cohomology is isomorphic to the singular cohomology as a module.
8.1. The Maurer-Cartan equation and strict units. Given an A∞ algebra
(A,µn), a strict unit is an element e such that
(−1)|x|µ2(x, e) = µ2(e, x) = x ∀x ∈ A
µn(x1 ⊗ . . . e⊗ . . . xn) = 0 for n ≥ 3
By the A∞ relations, we have that (µ1(x))2 = (−1)1+|x|µ2(x, µ0) + µ2(µ0, x), so if
µ(1) = e then (µ1)2 = 0. One can also take an element b of positive q valuation
and produce a deformed A∞ algebra (A,µnb ):
µnb (x1 ⊗ . . . xn) :=
∑
i0,...in∈Z≥0
µn+i0+...in(b⊗i0 ⊗ x1 ⊗ b⊗i2 ⊗ . . . xn ⊗ b⊗in)(55)
Consider the weak Maurer-Cartan equation
(56) µ(b) :=
∑
n≥0
µn(b⊗ . . . b) = 0 mod e.
For a solution we have (µ1b)
2 = 0.
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Expanding upon Remark 7.2, we give an overview of the treatment of units
in Floer theory from [CW]. For the sake of simplicity, we work with the more
traditional products:
Definition 8.1. For e(u) =
∫
C
u∗ωH,K , define the single variable A∞-maps νn :
CF (L,Λt)→ CF (L,Λt) as
(57)
νnρ (x1 ⊗ . . . xn) =
∑
x0,[u]∈MΓ(L,D,x,PΓ)0
(σ(u)!)−1ε(u)(−1)
∑
i i|xi|Holρ(u)te(u)x0.
We denote the single variable A∞ maps of a Lagrangian L in the form (55) by
νnρ,b or simply ν
n
b when there is no confusion. Note that the ring homomorphism
(58)  : Λ2 → Λt
given by ∑
i,j≥0
cijq
αirηj 7→
∑
i,j≥0
cijt
αi+ηj
makes Λt into a Λ
2-algebra and induces a linear map f : CF (L,Λ2) → CF (L,Λt)
such that f ◦ µn = νn ◦ f.
We will call xMM the geometric unit and define CF
u(L,Λq) to be the module
generated by (Critf − xMM ) ∪ {xO, xH, x∨} where
Ind(xO) = Ind(xH) = 0
Ind(x∨) = −1
and we refer to these collectively as the algebraic maxima, and called the associated
labeled edges forgettable resp. unforgettable resp. weighted, and take the degree
of x∨ to be the (mod N reduction of) −1. We consider treed disks as in Section
3.1 but with weights ρ ∈ [0,∞] attached to edges labeled with x∨ (in this way, the
expected dimension of the moduli space is still (19)). The limit along the edges
labeled with one of the algebraic maxima is required to be xM , and are only allowed
to be output edges according to the following axiom from [CW]:
(1) The outgoing edge e0 is weighted with label x
∨ only if there are two leaves
e1, e2 exactly one of which is weighted with the same weight, and the other
is labeled xO, and there is a single disk S with no interior markings.
(2) The outgoing edge e0 can only be forgettable (x
O) if either
(a) there are two forgettable leaves, or
(b) there is a single leaf e1 that is weighted and the configuration has no
interior markings.
It follows that in the context of Corollary 7.1 that the potential must be a
multiple of xH in CFu(L,Λt) in case is it a multiple of the geometric unit in LB .
The most important aspect of this setup is that perturbation data is required
to be coherent with respect to forgetting incoming edges labeled with xO. This
assumption and an expected dimension argument as in [CW, Thm 4.33] shows that
xO is a strict unit for the A∞ algebra of L (45).
Remark 8.1. An orienation for W±X (x
∨) is assigned to agree with that of W±X (xM )×
R, where the second factor is oriented according to the weight parameter on the
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underlying space of weighted treed disks. In addition, as in [CW, Rem 4.25], con-
stant trajectories connecting x∨ with xO resp. xH are assigned orientations that
agree resp. disagree with the standard orientation on W+X (xM ).
The addition of the weighted maximum provides a solution for the Maurer-
Cartan equation in some cases. We have the following:
Lemma 8.1. [CW, Lem 4.43] Suppose that ν0ρ ∈ ΛtxH and every non-constant disk
in (E,L) has positive Maslov index. Then there is a solution to the Maurer-Cartan
equation (56) for the A∞ algebra of L.
Sketch of proof. Let ν0(1) =WxH. In general we have the formula
(59) ν1(x∨) = xO − xH +
∑
x,[u]∈MΓ(L,D,x∨,x)0
e(u)>0
±tE(u)x
([CW, p. 49], c.f. [FOOO09, eq 3.3.5.2]). By the Maslov index assumption there
are no t terms, and moreover νn(x∨ ⊗ . . . x∨) = 0. We have
ν(Wx∨) = ν0(1) + ν1(Wx∨) =WxH +W(xO − xH) =WxO ∈ ΛtxO
which proves the lemma.

8.2. The weak divisor equation. We use the critical points of the potential as
a tool for computing HF (L,Λt).
Certain moduli spaces defined via divisorial perturbations satisfy a weak form
of the divisor equation from Gromov-Witten theory. With this principle one can
use some intersection theory to count the number of holomorphic disks in a certain
moduli, which allows us to get a relation between µ1 and the derivative of µ0.
The relation involves forgetting the incoming edge from a Morse 1-cocycle on
configurations counted by µ1. First, we must check that there is perturbation data
which is coherent with respect to this action: Let γ =
∑k
i=1 x
k be a Morse 1-cocycle.
Given a non-Morse configuration counted in µ1(γ), one can forget the incoming edge
and obtain a configuration counted by µ0 for some perturbation datum. Thus, we
could ask if it is possible to assume that there is regular perturbation datum which is
coherent with respect to forgetting the single incoming edge from Morse 1-cocycles.
In the rational case, this is summed up in [CW, Lem 2.35], which we now adapt
to our case. First, let Γ be the above combinatorial type and f(Γ) be the type
obtained by forgetting the incoming edge and stabilizing in such a way that f(Γ)
is pi-stable. Note that this process would only involve possibly forgetting ghost
components on pi∗Γ by the assumption that LB is rational and DB is stabilizing.
Given a perturbation datum on f(Γ), we obtain one on Γ via pullback:
PΓ = f
∗Pf(Γ).
The we have the following adaption of [CW, Lem 2.35] to our case
Lemma 8.2. Let Γ be a combinatorial type of pi-adapted pseudoholomorphic treed
disk with a single input of expected dimension at most one and suppose JDB ∈
J (B,ωB) is such that all JDB -holomorphic disks u in B with boundary in LB have
positive Maslov index. For a comeager set of perturbations Pregf(Γ), if Pf(Γ) ∈ Pregf(Γ)
then the moduli space MΓ(E,L, f∗Pf(Γ)) is smooth of expected dimension.
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The proof is almost exactly the same as in [CW]. By Proposition 5.2, the positive
Maslov assumption in the base implies the same in the total space. One argues by
cases on the whether the incoming disk component is constant or not. If it is not
constant, then f(Γ) does not forget any disk components and the perturbation data
as in Definition 3.7 is sufficient to achieve transversality. If the incoming disk is
constant and must be forgotten, then one argues that a domain dependent Morse
function is sufficient to achieve transversality on the remaining edge.
The second step in the derivation of the divisor equation is to write ∂ρµ
0
ρ in terms
of µ1(γ). To this end, we define a smooth manifold structure on Hom(pi1(L),Λ
2×).
In order for the exponential sum to converge, we have to introduce a topology as
in [Fuk10].
Definition 8.2. Let
xk =
∑
i,j
ckijq
ρirηj ∈ Λ2, x =
∑
i,j
cijq
ρirηj
be in Λ2. We say that xk converges to x if each c
k
ij converges to cij in C.
Lemma 8.3. For p ∈ Λ2, the sequence ∑Nn=0 pnn! converges in the above topology.
Proof. Define
exp(p) =
∞∑
n=0
pn
n!
If this is well defined in Λ2, then it is clear that this is the limit of the sequence.
Let p =
∑
i,j≥0 cijq
ρirηj ∈ Λ2 with ρ0 and η0 such that ρ0 + η0 = mini,j ρi + ηj .
Then
exp(p) = 1 +
∞∑
n=0
cn00q
nρ0rnη0/n! + terms with higher valuation.
From ρ0 + η0 ≥ 0 and (1 − )ρ0 + η0 ≥ 0, we have that ρ0 + η0 = 0 if and only
if ρ0 = 0 and η0 = 0, so we take two cases. First let us assume that ρ0 + η0 > 0.
Then nρ0 + nη0 → ∞, so there are finitely many non-zero coefficients below any
bounded degree.
If p = c00 + higher degree terms with c00 6= 0, then
exp(p) = 1 +
∞∑
n=1
cn00/n! +
∞∑
n=1
cn−100 q
ρ1rη1/n! + · · ·
It is also clear that exp(p) ∈ Λ2 in this case. 
It follows that we can endow the space of representations Hom(pi1(L),Λ
2×) ∼=
H1(L,Λ2×) with the structure of a smooth manifold using exp. Indeed, the expo-
nential allows Λ2× to inherit a Λ2-module structure and we can form the tensor
product
H1(L,Λ2)⊗Λ2 Λ2×.
If we assume that H1(L,Λ2) is free, then H1(L,Λ2)⊗Λ2 Λ2× ∼= H1(L,Λ2×), and
we have a surjective map given by H1(L,Λ2)→ H1(L,Λ2)⊗Λ2 Λ2× that is locally an
isomorphism. By universal coefficients followed by the Hurewicz homomorphism we
have H1(L,Λ2×) ∼= Hom(H1(L),Λ2×) ∼= Hom(pi1(L),Λ2×). This gives us a tangent
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space at each point. It only remains to check that the transition maps are smooth,
which we leave to the reader.
From the above discussion, both µ0L and the second order potential define smooth
mapsH1(L,Λ2×)→ CF (L,Λ2). The derivative of µ0ρ in the direction γ ∈ H1(L,Λ2)
becomes evaluation of the 1-cycle [∂u] at γ, i.e.
(60) ∂γµ
0
ρ =
∑
u∈M(L,D,x)0
(σ(u)!)−1ε(u)Holρ(u)γ([∂u])qe(pi◦u)rev(u)x.
Turning to µ1ρ, [CW, Prop 2.36] explains that
−µ1ρ(γ) =
∑
u∈M(L,D,x)0
(σ(u)!)−1ε(u)Holρ(u)〈[∂u]PD, γ〉qe(pi◦u)rev(u)x(61)
which follows from using compatible perturbations as in Lemma 8.2, and transver-
sality of ∂u to unstable manifolds of critical points. Thus, the weak divisor equation
(62) − µ1ρ(γ) = ∂γµ0ρ
shows that at a critical point for µ0ρ, the Floer differential vanishes on all Morse
1-cocycles.
In practice, it is much easier to search for critical points when the coefficients
come from the single variable Novikov ring Λt (1): Similar to the above discussion,
the weak divisor equation
−ν1ρ(γ) = ∂γν0ρ
holds for Morse 1-cocycles in (8.1). However, in our setup we work with a non-
trivial solution to the Maurer-Cartan equation (Lemma 8.1). Thus, we need to
check the following:
Lemma 8.4. Suppose all non-constant holomorphic disks have Maslov index at
least 2. Then ν1ρ,Wx∨(γ) = ν
1
ρ(γ) on Morse 1-cocycles. Hence
(63) ν1ρ,Wx∨(γ) = ∂γν
0
ρ .
Proof. Assume we have chosen appropriate perturbation data so that all holomor-
phic disks for index 0 configurations intersect the divisor transversely or not at
all. For i0 + . . . in ≥ 1 in the definition (55), transversality and the index formula
(19) tells us that no non-Morse configurations contribute, with Morse configura-
tions only possible for i0 + . . . in = 1. In the latter case, the only possibility is a
configuration with output x∨, which is impossible since there are no flow lines from
γ to the geometric unit. The lemma follows. 
8.2.1. Relation between Floer cohomologies from different rings. We make sure that
the Floer cohomology induced from µ1 can be related to that of ν1. For questions
of displaceability, we only need to consider HF (L,Λ
(0)
t ) where the coefficients come
from the universal Novikov field:
(64) Λ
(0)
t :=
{∑
i
cit
αi |ci ∈ C, αi ∈ R,#{ci 6= 0, αi ≤ N} <∞
}
.
We have
HF (L,Λ2)⊗Λ2 Λ(0)t ∼= HF (L,Λ(0)t )
where Λ
(0)
t is a Λ
2-algebra under the map exp ◦f.
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Let
W2L[t] :=W2L[q, r]⊗ 1 ∈ CF (L,Λt)
denote the single variable second order potential for L. We will use the following
theorem extensively in our applications, c.f. [FOOO10, Thm 4.10] [CW, Prop 2.37]:
Theorem 8.1. Suppose that µ0 and hence ν0 is a multiple of the geometric unit,
ν0 = WxMM . Suppose that for ρ ∈ Hom(pi1(L),Λ×t ), DρW 2L[t] = 0, the Hessian
D2ρW
2
L[t] is surjective, and further that H
∗(L,Λt) is generated by degree one ele-
ments via the cup product. Then there is a representation ξ ∈ Hom(pi1(L),Λ×t ) so
that
H(CF (L,Λt), ν
1
ξ,Wx∨) ∼= HMorse(L,Λt).
Proof. Let K in the minimal coupling form be large enough so that for all classes
[u] ∈ H2(E,L) with holomorphic representatives and pi∗[u] 6= 0 we have∫
D
u∗ωH,K > λΣLF
where λΣLF is the energy quantization for (LF , ωF ). Then W
2
L[t] consists of the first
and second order terms of ν0L. Therefore, we can apply the induction argument from
the proof of the strongly non-degenerate case of [FOOO10, Thm 10.4] to produce
a critical point ξ of ν0: here we use that the Hessian is non-degenerate and solve
for ξ order-by-order. By the weak divisor equation (63) we have that the Floer
differential ν1ξ,Wx∨ vanishes on Morse 1-cocycles.
To argue that ν1ξ,Wx∨ vanishes on all Morse cocycles, we use an induction on
cohomological degree and symplectic area, similar to [FOOO10, Lem 13.1], [CW,
Prop 2.31]. Recall the existence of a Morse-to-Floer spectral sequence that is in-
duced by the energy filtration on CF (L,Λt) [Oh, Sec 8]. The 0
th differential is
simply the Morse differential.
Lemma 8.5. ν1ξ,Wx∨(γ) = 0 for any Morse cocycle γ on the first page of the
Morse-to-Floer spectral sequence.
Proof. By the A∞ relations,
ν1(ν2(γ1 ⊗ γ2)) = ν2(ν1(γ1)⊗ γ2))± ν2(γq ⊗ ν1(γ2))
±ν3(γ1 ⊗ γ2, ν0)± ν3(γ1 ⊗ ν0 ⊗ γ2)± ν3(ν0 ⊗ γ1 ⊗ γ2)
where we shorten notation νnξ,Wx∨ =: ν
n. We deduce that the ν3 terms are zero
due to the assumption µ0 is a multiple of the xH and hence ν0 is a multiple of a
strict unit by Lemma 8.1. Let νnβ be the sum of terms in ν
n that are a C multiple
of tβ for β ≥ 0. We have∑
β1+β2=β
ν1β1(ν
2
β2(γ1 ⊗ γ2)) =
∑
β1+β2=β
ν2β1(ν
1
β2(γ1)⊗ γ2)) +
∑
β1+β2=β
ν2β1(γ1 ⊗ ν1β2(γ2))
Note that ν20(γ1 ⊗ γ2) = γ1 ∪ γ2 since Wx∨ is either zero or has positive t-
valuation. Thus
ν1β(γ1 ∪ γ2) =
∑
β1+β2=β
ν2β1(ν
1
β2(γ1)⊗ γ2)) +
∑
β1+β2=β
ν2β1(γ1 ⊗ ν1β2(γ2))
+
∑
β1+β2=β, β2>0
ν1β1(ν
2
β2(γ1 ⊗ γ2)).
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Using this expression, we proceed by strong induction on Morse cohomological
degree of γ1 ∪ γ2 and the energy β. For di ∈ N0 and αi ∈ R≥0, say that (α1, d1) ≤
(α2, d2) if α1 < α2 or α1 = α2 and d1 < d2. The base step (β,deg γ1 ∪ γ2) = (0, d)
is given, since the computation takes place on the first page of the Morse-to-Floer
spectral sequence and the γi are cocycles. In the induction step the first two terms
on the right hand side vanish by the induction hypothesis, since (β2,deg(γi)) <
(β,deg(γ1∪γ2)). The last term on the right hand side also vanishes by the induction
hypothesis since β1 < β. This proves the lemma. 
It follows that the Morse-to-Floer spectral sequence collapses after the first page,
and
H(CF (L,Λt), ν
1
ξ,Wx∨) ∼= HMorse(L,Λt)

8.3. Hamiltonian isotopy invariance and obstruction to displaceability.
The main focus of this paper is to deduce when a Lagrangian in a certain class
is Hamiltonian non-displaceable from itself. As such, we don’t prove complete
invariance of input data in the sense that a different perturbation data selection,
Maurer-Cartan solution, and Rank 1 representation will give a quasi-isomorphic
A∞ algebra. Any Hamiltonian perturbation of L gives an isomorphism of the
moduli spaces of Floer trajectories for the pullback perturbation. The pullback
also preserves the symplectic area of each configuration. Thus our definition of
H(CF (L,Λt), ν
1
ξ,Wx∨) is a Hamiltonian isotopy invariant for each perturbation data
and fibered divisor. More generally, the results in [CW] on invariance of input data
up to A∞ homotopy equivalence, e.g. divisor (Theorem 5.12), perturbation data
(Corollary 5.11), and Maurer-Cartan element (Lemma 4.42) “lift” to our situation
when we vary our input data across pullbacks of stabilizing divisors and fibered
perturbation data, and for a general Maurer-Cartan element. To see that the non-
vanishing of our fibration invariant over a Novikov field obstructs displaceability,
we mimic the construction from [CW, Sec 6] to sketch the definition of an A∞
bimodule structure on CF (L, φ(L),Λt) for a Hamiltonian diffeomorphism φ such
that L ∩ φ(L) cleanly (L ∩ φ(L) is a manifold with tangent space TL ∩ Tφ(L)).
We further sketch the fact that different choices of φ give quasi-isomorphic A∞
bimodule structures, and thus give isomorphisms on cohomology.
First, by the Theorems 4.14.2, we have a coherent Baire set of domain dependent,
tamed almost complex structures with which we can define the A∞ algebra of φ(L).
Namely, the perturbation data for φ(L) is taken as pullback φ∗PΓ for any system
from the aforementioned lemmas. It follows that the holomorphic curve counts for
(E, φ(L), (φ∗PΓ)γ , φ∗D) are in bijection with those of (E,L, (PΓ)γ , D). Thus, it
makes sense to talk of (CF (φ(L),Λt), µ
n
φ(L)), a Maurer-Cartan solution φ∗(Wx∨)
from Lemma 8.1, and thus the homology of this complex.
Next, assuming the clean intersection condition, one can put Morse-Smale func-
tions F on L ∩ φ(L) and form the space of Floer cochains as
CF (L, φ(L),Λt) :=
⊕
x∈Crit(F )
Λt · x.
One can place an A∞ bimodule structure on this, that is, maps
µa|b : CF (L,Λt)⊗a ⊗ CF (L, φ(L),Λt)⊗ CF (L,Λt)⊗b → CF (L, φ(L),Λt)
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which satisfy
0 =
∑
i,k
(−1)†µn−i|m(a01 ⊗ . . . µiL(a0k+1 ⊗ . . . a0k+i)⊗ a0k+i+1 · · · ⊗m⊗ a11 ⊗ . . . a1m)
+
∑
j,l
(−1)†µn|m−j(a01 ⊗ . . . a0n ⊗m⊗ a11 ⊗ . . . µjφ(L)(al+1 ⊗ . . . al+j)⊗ al+j+1 ⊗ . . . a1m)
+
∑
j,k
(−1)†µk|m−j(a01 ⊗ . . . µn−k|j(a0k+1 ⊗ . . . a0n ⊗m⊗ a11 ⊗ . . . . . . a1j )⊗ a1j+l+1 ⊗ . . . a1m)
where † follows the same sign convention as in (47). Indeed, the maps µ0|0φ can
be defined as follows: Let Σ := R × [0, 1] as a surface with a complex structure
obtained from identifying it with a piece of C. Given a time dependent (zero-
average) Hamiltonian ht with associated flow φt we define a connection 1-form on
Σ × E by H := htdt, where t is the [0, 1] coordinate. Then σ × E has a minimal
coupling form ωE −dH, and given any almost complex structure J on E we obtain
a JΣ on Σ × E from Lemma 3.1 that fiberwise agrees with φ∗tJ . Moreover, we
have a complex codimension 1 hypersurface Dσ := (φt,∗(D))t. Then, µ
0|0
φ counts
nodal treed strips, that consist of Morse flowlines on L ∩ φ1(L) together with JΣ-
holomorphic sections σ of Σ × E up to translation in the s variable such that for
each σ we have
σ(s, 0) ∈ L
σ(s, 1) ∈ φ1(L)
and in addition on leaf resp. root strip components we have
lim
s→∞ ∈W
+
F (x)
lim
s→−∞ ∈W
−
F (y)
We call such a thing a 0|0 treed strip. We can require σ to be adapted in the sense
of the (non-constant spheres) and (markings) axioms from Definition 4.2. More
generally we can consider n|m treed strips based on a connected nodal curve, as
in [CW, Sec 6.2], that have strip components with a designated input and output
and in addition consist of adapted holomorphic treed disks as in definition 3.1 for L
resp. φ1(L) which lie over t = 0 resp. t = 1 with n resp. m leaves. Transversality
for treed disk subcomponents is taken care of by Theorem 4.1. Transversality on
non-vertically constant strip components can be realized by taking a t dependent
almost complex structure Jt on E that agrees with J resp. φ
∗
1J for t = 0 resp. 1
that is adapted to DΣ. Transversality for the vertically constant case is similar to
the proof of Theorem 5.3, since Σ× E is trivializable by parallel transport.
Counting such isolated configurations gives rise to maps µ
n|m
φ which satisfy the
A∞ bimodule axioms, and the proof of this fact is similar to that of Theorem 6.1
(see [CW, Thm 6.4]).
In particular, for φt ≡ Id, the bimodule structure on CF (L,L,Λt) reduces to
the A∞ structure on CF (L,Λ).
Finally, given two Hamiltonian isotopies φit i = 0, 1, one shows that there is a map
of A∞ bimodules Φ01 by counting treed strips equipped with a parameterization
which limit toward a stable manifold on L ∩ φ11(L) in the ∞ direction and an
unstable manifold on L∩φ01(L) in the −∞ direction, as in [CW, Sec 6.5]. One shows
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that Φ10 ◦ Φ01 is A∞ homotopic to the identity by counting treed strips with two
parameterizations. Thus, the non-vanishing of HF (L,Λnov,t) implies the existence
of a element x ∈ L ∩ φ1(L) for any time 1 map of a Hamiltonian diffeomorphism
where the intersection is clean, and in particular shows that L is non-displaceable.
9. Applications
9.1. A Floer-non-trivial Lagrangian in Flag(C3). The symplectic topology of
such a space is studied in [NNU10][CKO][Pab15] by using a toric degeneration of the
U(3) Gelfand-Cetlin system. In particular, [NNU10] show that one can find a Floer
non-trivial torus in the interior of the G.-C. polytope (as well as in other flags),
and [Pab15] finds a whole line segment of non-displaceable tori in the monotone
flag manifold by looking at a toric degeneration of the G.-C. system, and [CKO]
expand upon this by showing non-displaceability of Lagrangian non-torus fibers and
drawing connections to mirror symmetry. We begin by showing that one can find
at least one of these non-displaceable Lagrangians in the fibration context. In the
next example we show that there is a whole family of non-displaceable Lagrangians
after deforming the symplectic form.
Consider the moduli space of nested complex vector spaces V1 ⊂ V2 ⊂ C3. We
can realize this as a symplectic fiber bundle
P1 → Flag(C3) pi−→ P2,
with both the base and fiber monotone. Holomorphic (but not symplectic) trivi-
alizations for Flag(C3) can be realized as follows. Start with a chain of subspaces
V1 ⊂ V2 ⊂ C3 with V1 ∈ P2 represented as [z0, z1, z2] with z0 6= 0. Using the
reduced row echelon form, there is a unique point in P(V2) with first coordinate
zero, [0, w1, w2]. Let U0 be the open set of P2 with non-zero first coordinate. We
get a trivialization
Ψ0 : Flag(C3)→ U0 × P1
([z0, z1, z2], V2) 7→ ([z0, z1, z2], [w1, w2])
Let U1 ⊂ P2 be the open set with z1 6= 0. The transition map U0 × P1 → U1 × P1
is given by
g01([w1, w2]) = [−z0w1
z1
, w2 − z2w1
z1
]
which is a well defined element [−z0
z1
0
−z2
z1
1
]
in PGL(2). A similar transition matrix works for the other trivializations.
There is a natural symplectic form that we could use given by viewing Flag(C3)
as a coadjoint orbit, called the Kostant-Kirillov symplectic form. Let ξ ∈ SU(3)·t ⊂
su(3)∨ be an element of the orbit and X], Y ] be vector fields on the orbit generated
by X,Y ∈ su(3). Let
ω˜ξ(X
], Y ]) = ξ([X], Y ]]).
The kernel of ω˜ξ is stab(ξ), the Lie algebra of the stabilizer of ξ for the coadjoint
action. Thus, ω˜ξ descends to the quotient SU(3)/stab(ξ) as a non-degenerate skew-
symmetric form ωξ. Such a form is closed by the Jacobi identity (see e.g. [MS17,
Exercise 5.3.13]).
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To realize the symplectic fibration structure, one can see [GLS96, Thm 2.3.3] for
instance. Briefly, the projection pi is equivariant with respect to the SU(3) action,
so the fibers Fp inherit an action by stab(pi(p)) ∼= SU(2) and we can realize Flag(C3)
as an associated bundle to a principal SU(2)-bundle P . Any SU(2) connection H
on P induces one on Flag(C3), and such a connection is necessarily Hamiltonian.
Thus, by Theorem 2.1 there is a minimal coupling form aH associated to H and we
can choose a weak coupling form as
ωH,K := aH +KωP2
where K >> 1 and ωP2 is the Fubini-Study symplectic structure on P2.
9.1.1. Constructing a fibered Lagrangian over a toric fiber. First, we recall results
about toric Lagrangians in the base: Any point in the interior of the moment poly-
tope for the toric action on P2 corresponds to a Lagrangian torus. In [FOOO10],
the authors calculate the full potential for such a torus by developing the virtual
fundamental cycle perturbation technique, and show that the barycenter torus (the
Clifford torus) is Floer-non-trivial, recovering the result of [Cho04]. With our per-
turbation system, one can take the divisor in the base to be the union of the edges
of the polytope
DB :=
⋃
i=1,2,3
Di.
Such a divisor is stabilizing for the standard almost complex structure in the sense
of Definition 3.6 for any of these tori for topological reasons. Take LB of the form
(65) [eiθ1a, eiθ2b, c]
for some a, b, c ∈ C× and θi ∈ S1. From [CO06] we have that the Maslov index
two disks with boundary on LB in the standard complex structure are regular and
given by
u1(z) = [za, b, b]
u2(z) = [a, zb, c]
u3(z) = [a, b, zc]
and up to a Mo¨bius transformation fixing the boundary of the unit disk in C. Let
xM denote the maximal index critical point of a Morse-Smale function on LB . By
[CO06, Prop 9.1] there is a natural spin structure on the each moment torus. If the
moment polytope of P2 given by
P2 := {(η1, η2) ∈ R2|0 ≤ η1, η2, η1 + η2 ≤ 1},
then the full potential is given by
(66) µ0LB (x1, x2) =
[
x1q
η1 + x2q
η2 +
1
x1x2
q1−η1−η2
]
xM
in the standard toric complex structure, where the exponents are directly propor-
tional to the area of the corresponding disk.
To find a fibered Lagrangian we use a result from [GLS96, Sec 4.6] to obtain a
symplectic trivialization above Cliff(P2):
Theorem 9.1. ([GLS96], Theorem 4.6.3) Let F → E → B be a symplectic fibration
with a G-action where the projection is equivariant. Denote ψ as the moment map
for the action of G on B. Let ∆ be an open set of the moment polytope, and
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set U = ψ−1(∆). After possibly shrinking U there is a symplectic connection H on
pi−1(U) such that the moment map for action on the weak coupling form aH +pi∗ωU
is ψ ◦ pi.
See Section 4 of [GLS96] for a proof. We take G = T 3/diag, which acts on
Flag(C3) via
V1 ⊂ V2 7→ t · V1 ⊂ t · V2.
Such an action projects to the standard torus action on P2. Theorem 9.1 gives us
a connection Γ and an open subset ∆ of the moment polytope for P2 containing
ψ(LB) such that parallel transport around a moment fiber T ⊂ P2 is given precisely
by the above torus action. Such a connection is flat when restricted to any moment
torus T and represents pi1(T ) trivially. Thus we have a symplectic trivialization
of pi−1(T ). In lieu of the ability to change the connection on an open set (see the
G-equivariant versions of Theorems 2.3 and 2.2 in [GLS96, Thms 4.6.1, 4.6.2]), one
can extend such a connection to all of Flag(C3) and still have an isotopy to the
original weak coupling form with small fibers.
In the connection given by Theorem 9.1 above, the weak coupling form looks
like
ωF − dδ
by a short argument as in [GLS96, Thm 1.6.1] since the fibers are simply connected.
In particular δ : P1p → t∨ can be viewed as a moment map for the Hamiltonian T 2
action on the fiber. However, by construction the T 2 action is a subaction of a
linear action. Thus it extends to a PU(2) action and therefore must degenerate to
an S1 action on P1. We will take our candidate Lagrangian
L = δ−1(0)× LB
Since δ has zero average, we can assume that 0 is the barycenter of the moment
polytope so the fiber is a Clifford torus.
9.1.2. Floer cohomology. The Lagrangian L is topologically trivial, so we can pick
the three-way sum of S1 height functions f := f1 + f2 + f3 as our Morse-Smale
function and then perturb slightly as needed. Further, choose a pseudo-gradient
Xf that models the flow of m and splits as a direct sum
Xf3 ⊕Xf1+f2 ∈ TLF ⊕HL.
We use the 2nd order potential from Theorem 7.1 to compute the Floer coho-
mology of L. By the transversality in [CO06, Thm 6.1] and Theorem 5.3, it suffices
to use an almost complex structure on the total space that fiberwise agrees with
the toric structure and is also a lift of the toric structure from the base to compute
the vertically constant and horizontally constant holomorphic disks. By the classi-
fication of holomorphic disks in the standard structure on a toric fiber in P2, the
lifted potential (6.3) is
L ◦ µ0LB (θ) =
(
Holθ(Lu1)qη1rev(Lu1) + Holθ(Lu2)qη2rev(Lu2) + Holθ(Lu3)qη3rev(Lu3)
)
xMM
where ev(Lui) = −
∫
∂D
Lu∗i δ by Corollary 5.2 and ηi as in (66). Let yi denote
the evaluation of the holonomy Hol on the ith generator, so that Hol(ui) = yi
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for i = 1, 2. We have Hol(u3) = − 1
y1y2
. The lifts may have non-trivial vertical
holonomy, so that
Hol(Lu1) = y1yk3(67)
Hol(Lu2) = y2yl3(68)
Hol(Lu3) = 1
y1y2y
j
3
(69)
for some integers j, k, l. The inclusion of the potential for Cliff(P1) in the fiber
above xM is
(70) ixB∗ ◦ µ0Cliff(P1)(y3) =
(
y3r
ev(v1) + y−13 r
ev(v2)
)
xM
similarly to (66), where v1(z) = [z, 1], v2(z) = [1, z], and hence ev(v1) = ev(v2). By
Theorem 7.1 the second order potential for the total Lagrangian is a subsum of
W˜2L(y1, y2, y3) = y3rev(v1) + y−13 rev(v2)(71)
+ y1y
k
3q
η1rev(Lu1) + y2yl3q
η2rev(Lu2) +
1
y1y2y
j
3
qη3rev(Lu3)(72)
Where the ∼ means that we have yet to ignore the terms with degq 6= 0 of higher
total degree. We change the basis of Hom(pi1(L),Λ
2×) so that y1yk3 7→ y˜1 and
y2y3 7→ y˜2 and rename the new variables y1,y2:
W˜2L(y1, y2, y3) = y3rev(v1) + y−13 rev(v2)(73)
+ y1q
η1rev(Lu1) + y2qη2rev(Lu2) +
1
y1y2ym3
qη3rev(Lu3)(74)
for some m ∈ Z. Since the first part of this expression is symmetric in y3, we can
assume that m ≥ 0 by a further change of basis y−13 7→ y˜3.
It follows from the construction of L and Corollary 5.2 that the exponent of any
r variable in line (74) is zero. Thus, all terms with qηirev(Lui) = qηi are of the same
degree and W˜2L =W2L.
We now specialize to the case that LB = Cliff(P2), so that ηi = ηj =: η. In
what follows, we take the derivative of (73) and look for a critical point in order to
apply Theorem 8.1, which is a standard procedure. If the reader is satisfied with
assuming the application of Theorem 8.1 is valid, then one can skip to the main
result of the subsection (80).
The partial derivatives of W2L are
∂y1W2L = qη −
1
y21y2y
m
3
qη(75)
∂y2W2L = qη −
1
y1y22y
m
3
qη(76)
∂y3W2L = rev(v1) − y−23 rev(v2) −
m
y1y2y
m+1
3
qη(77)
Setting expressions (75) and (76) equal to 0 gives partial solutions y1 = y2 =
y
−m/3
3 . It remains to solve (77)=0. Making the substitutions for y1, y2 and setting
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equal to zero gives us
rev(v1) − y−23 rev(v2) −
m
y
5m/3+1
3
qη = 0
We normalize via the transformation y3 7→ y33
rev(v1) − y−23 rev(v2) −
m
y5m+33
qη = 0
and clear the denominator
y5m+33 r
ev(v1) − y5m+13 rev(v2) −mqη = 0.
Dividing by the appropriate power of r gives:
(78) y5m+3 − y5m+13 −mqηrχ = 0
While the power of r is most likely negative, we can pick K large enough in the
weak coupling form so that qηrχ is in the ring Λ2.
The ring Λt becomes a Λ
2-algebra via the homomorphism q, r 7→ t, so let us
instead solve the equation
(79) y5m+33 − y5m+13 −mtα = 0
with α > 0.
The reduction of (79) mod t has 1 and −1 as solutions. To see that we can find
unital solutions in Λt we apply Hensel’s lemma:
Theorem 9.2. [Eis04, Thm 7.3] Let R be a ring which is complete with respect to
an ideal m (in the sense that R = lim← R/m
i) and f(x) ∈ R[x] a polynomial. If a is
an approximate root of f in the sense that
f(a) ≡ 0 (mod f ′(a)2m),
then there is a root b of f such that
f(b) = 0 and b ≡ a (mod f ′(a)2m).
If f ′(a) is a nonzero-divisor in R, then b is unique.
Completeness of Λt with respect to (t) is obvious from the construction of the
completion as a subring of ΠiΛt/(t
i). Thus, there are solutions y1 ≡ 1 (mod t) and
y2 ≡ −1 (mod t) to (79) in Λt.
By Proposition 8.1, there is a representation ξ ∈ Hom(pi1(L),Λ×t ) such that
(80) H(CF (L,Λt), ν
1
ξ,Wx∨) ∼= H∗(L,Λt).
According to the discussion in section 8.3, this shows that the Lagrangian is non-
displaceable via Hamiltonian isotopy and recovers the result from [NNU10].
Remark 9.1. At first glance, it would seem that the case of a toric Lagrangian
L ⊂ P(O ⊕ On) → P2 which fibers over Cliff(PP2) is intimately similar from the
point of view of our theory, and this is due to the fact that the connection we used
above is the locally the same as the toric one. Surely the higher degree terms differ
between Flag(C3) and P(O ⊕ On), in a manner that is similar to the difference
between the full potentials for F1 and F2 as in [FOOO11; Aur08].
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9.2. Families of non-displaceable tori. In this section we prove Theorem 1.1:
We construct n dimensional families of Floer-non-trivial tori in
Pk → P(O ⊕ . . .Oik)→ Pn
where Oi i ≥ 0 is some rank 1 holomorphic line bundle with Chern class i times the
hyperplane class. The family projects to a toric neighborhood of Cliff(Pn), which
extends (in a certain sense) results in [FOOO11] and [Via18]. The idea is as follows:
In a toric neighborhood of Cliff(Pn) we introduce a Hamiltonian perturbation of
the toric form given by Theorem 9.1:
ωF − dδ +Kpi∗ωPn 7→ ωF − dδ − dh+Kpi∗ωPn .
h is chosen to change the vertical symplectic area of the lifted disks so that all of
the terms in line (74) have the same total degree above a more general toric fiber.
Then we show the existence of a unital critical point of the second order potential
and apply Theorem 8.1.
First, we see how to put a symplectic connection and weak coupling form on E :=
P(O ⊕ . . .Oik). Choosing a Hermitian metric on Oj induces a Chern connection
that is compatible with the complex structure. This induces a U(1) × . . . U(1)
connection H on O ⊕ . . .Oik and also on E. By Theorem 2.1 we get minimal
coupling form aH and a K so that aH + Kpi
∗ωPn is a symplectic form on E and
induces the connection H.
9.2.1. Recall of potential for moment torus in Pn. Let
ψ([z0, . . . zn]) =
1∑
i |zi|2
(|z0|2, . . . |zn|2)
denote the moment map for the Tn action on Pn. The moment map for the same
action on (Pn,KωPn) isKψ, with the Clifford torus sitting in (Kψ)−1( Kn+1 , . . .
K
n+1 ).
As in the above example, recall that in a toric symplectic manifold we have a
classification of J-holomorphic disks with boundary in a moment fiber, where J is
the toric complex structure [CO06, p. 5.3]. In Pn, this looks like
z 7→ [φ0a0, . . . φnan]
where each of the φi are Blaschke products
φi(z) = Π
k
j=1
z − pi,j
1− p¯i,jz
with pi,j ∈ D that are pairwise distinct for different i and [a0, . . . an] is in the
moment fiber. As in example 9.1, the Maslov index 2 disks up to parameterization
are thus given by
v1(z) = [za0, . . . an]
v2(z) = [a0, za1, . . . an]
· · ·
vn+1(z) = [a0, . . . zan]
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Following [FOOO10, Ex 5.2] the symplectic areas of these disks are given by the
moment map coordinates of the Lagrangian∫
D
v∗1KωP2 = K
|a0|2∑
i |ai|2
=: α1(81) ∫
D
v∗2KωP2 = K
|a1|2∑
i |ai|2
=: α2(82)
· · ·(83) ∫
D
v∗n+1KωP2 = K
1−∑
j
|aj |2∑
i |ai|2
 = 1− n∑
i=1
αi.(84)
By the work of [CO06] and others, the potential for Tα1...αn in the integrable toric
complex structure with the standard spin structure is
(85) µ0Cliff(Pn) =
n∑
i=1
yiq
e(vi) +
1
y1 · · · yn q
e(vn+1).
9.2.2. Constructing the family. By the Arnold-Louville theorem (see for example
[BF04, Thm 1.2]) we can take a Tn-equivariant symplectic chart of U ∼= Tn×Br(0)
which maps the torus Tα1...αn at (α1, . . . αn) to the torus
Pα1,...αn := Tn × {(α1 −
K
n+ 1
, . . . αn − K
n+ 1
)}
in an equivariant way and such that the symplectic form on U is the pullback of
ω0 =
∑
i dαi ∧ dθi. To trivialize E over the neighborhood U , we use some lift
of the Tn action over this neighborhood. pi|U is Tn-equivariant and we can apply
Theorem 9.1 to obtain a toric connection over U . Next, take a generic trivialization
Ψ of this new symplectic form over a simply connected neighborhood that intersects
Cliff(Pn). By T k invariance of the connection and triviality of the connection around
each torus factor, we can extend Ψ to a toric neighborhood of Cliff(Pn).
As in the above example, we can assume that parallel transport around any base
torus Tn is a linear torus action and thus reduces to a T k action. Since δ is the
moment map for this T k action with zero average, we can assume that δ−1(0) is
Cliff(Pk) with respect to this action. Define the family of Lagrangians
Lα1...αn = Pα1...αn × Cliff(Pk)
in the above trivialization.
9.2.3. Modifying the Hamiltonian connection. Let h : Pk → R be a zero average
function that is preserved by the T k action and the level set of max |h| contains
Cliff(Pk) with h|Cliff(Pk) = 12pi .
We define the function valued 1-form
(86) hα1,...αn(θ1, . . . θn) :=
∑
i
(αi − K
n+ 1
)hdθi
on a sub neighborhood U0 ⊂ U containing Cliff(Pn) and extend it to all of Pn via
a cutoff function φ which depends on the αi, is 1 on U0, and vanishes outside U .
First we check:
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Lemma 9.1. ωh := aH − d(φh) + Kpi∗ωPn is a symplectic form on pi−1(U) for
small enough U , where K ≥ 1 was chosen so that a+Kpi∗ωPn is a symplectic form
on P(O ⊕ . . .Oik).
Proof. In the symplectic trivialization discussed above, we can assume that the
weak coupling form looks like ωPk +K
∑
i dθi∧dαi and gives the trivial connection
TPk ⊕ TU . Inside U we have
(87) d(φh) = φ
[∑
i
hdαi ∧ dθi + dh
∑
i
(αi − K
3
)dθi
]
+ dφ ∧ h.
For example, set k = 1 and n = 2 and take the coordinates {∂ρ, ∂θ1 , ∂θ2 , ∂θ, ∂α1 , ∂α2}
on pi−1(U) where ∂ρ, ∂θ are action-angle coordinates on the sphere. The matrix of
ωh is the negative of
(88)
0 (α1 − K3 )∂ρh (α2 − K3 )∂ρh ∗ ∗ ∗
(K3 − α1)∂ρh 0 0 ∗ ∗ ∗
(K3 − α2)∂ρh 0 0 ∗ ∗ ∗
1 0 0 0 0 0
0 K + φh− h(α1 − K3 )∂α1φ h(α2 − K3 )∂α1φ 0 0 0
0 h(α1 − K3 )∂α2φ K + φh+ h(α2 − K3 )∂α2φ 0 0 0

where the ∗’s represent the skew-symmetric completion. In the general case, the
matrix has a similar shape, with only the anti-diagonal blocks contributing to the
determinant. The lower left (n + k) × (n + k) block has k 1’s along the diagonal
followed by the matrix
(89) A := diag(−K − φh)− h(α− K
3
)t · gradφ
where α − K3 is a row vector whose entries are αi − K3 . The determinant of the
matrix of ωh is equal to det
2A, and we have the general formula
det(D + utv) = (1 + (D−1u) · vt) detD.
Thus, we have
detA = (K + φh)n
(
1 + (K + φh)−1h
∑
i
(αi − K
3
)∂iφ
)
By the assumption that |h| < 12pi we have |K+φh| > 1− 12pi . To bound the second
product factor we can assume that φ is constructed as follows: Let φ′ be a radial
function on U that is 1 on Br1(
K
3 ) ⊂ U0 and 0 outside Br2(K3 ) ⊂ U and further
assume it to be piecewise linear in the radius with slope 1r1−r2 in the annulus. Let φ
be a smoothing of this function such that |gradφ| ≤ 1r1−r2 with non-zero derivative
only on the annulus Br2+ \Br1−. By Cauchy-Schwarz and the above estimate we
have
(90)
|(K + φh)−1h
∑
i
(αi − K
3
)∂iφ| ≤ 1
2pi(1− 12pi )
‖gradφ‖(r2 + ) ≤ r2 + 
(2pi − 1)(r2 − r1) .
If we let r1,  be small enough, then we have
r2+
r2−r1 < 2pi − 1. This bound shows
that the determinant is non-zero for small U0 and . Hence, ωh is non-degenerate.
It is clearly closed, so the lemma follows.
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
Also, we need that
Lemma 9.2. The product Lα1...αn = Cliff(Pk)×Pα1...αn is Lagrangian with respect
to aH − d(φh) +Kpi∗ωPn whenever (α1, . . . αn) ∈ U .
Proof. Each fiber of Lα1...αn is contained in a level set of h, so the second to last
term of (87) vanishes on Lα1...αn . Since φ only depends on the αi, the last term
vanishes as well. The first term is proportional to ωPn and Lα1...αn is Lagrangian
for the product form, so the lemma follows. 
Denote the connection over U constructed above by Hh. We would like a con-
nection on the total space which extends Hh. In general one can apply the T
n equi-
variant version of Theorem 2.3, but we construct an explicit connection that agrees
with the original Hermitian connection outside of a neighborhood of Cliff(Pn):
Lemma 9.3 (Extension of connection). There is a Hamiltonian connection H˜ on
P(V ) that agrees with Hh on pi−1(U) and agrees with the original connection outside
a neighborhood of pi−1(U) such that aH˜ + Kpi
∗ωPn is symplectic for large enough
K.
Proof. Extend the symplectic trivialization discussed in the construction of Hh to
a larger collar neighborhood V with U ⊂ V . Denote by γ be the zero-average con-
nection 1-form corresponding to the original connection on P(V ) from the original
construction as a U(k + 1) bundle and τ the connection 1-form over V \ U from
the toric trivialization. Let ρ1, ρ2 be a partition of unity subordinate to the cover
Pn \ U, V . Form the connection H˜ over Pn \ U induced by ρ1γ + ρ2τ . Then H˜ is
the trivial toric connection near U and so it extends the connection Hh. Take K
so large that aH˜ +Kpi
∗ωPn is a symplectic form on P(O ⊕ . . .Oik). 
Remark 9.2. The value of K may need to be larger after extending the toric triv-
ialization in Lemma 9.3. However, one can then obtain the result of Lemma 9.1
with this particular value of K.
9.2.4. Classification of lifts with 0 vertical Maslov index. In order to mimic Theo-
rem 5.3 and ultimately Theorem 7.1 for Lα1...αn , we need a way to holomorphically
trivialize v∗i (E,L) as in Theorem 5.1. Let us work with v1 WLOG. The theo-
rem doesn’t directly apply since the connection on v∗1(E,L) is not T
k-valued and
does not preserve the fiber holomorphic structure within pi−1(U), so we modify the
argument:
We work with v1 for notational simplicity and WLOG. Suppose that the cutoff
function φ has support in some region V˜ ⊂ U . By the classification of disks in
Pn as in the beginning of this example, we can assume that v1 is the restriction of
a disk map u1 where u1 has boundary in the Lagrangian Pα˜1...αn , α˜1 ≥ α1 with
(α′1, . . . αn) ∈ U \ V˜ lying in the region where the connection is trivial.
Lemma 9.4 (Trivialization). There exists a biholomorphism Φ : (D × Pk, J0) →
(u∗1E, Jh) where J0 is induced from the trivial connection and fiberwise agrees with
JI outside an annular region. Moreover, Φ(Lα1...αn) = Lα′1...αn for some α
′
1.
Proof. As above, let H denote the connection on u∗1E induced from the original
construction of E and the toric trivialization (Theorem 9.1) in the neighborhood
U . By Theorem 5.1 there is a (C×)k valued gauge transformation GC so that GC(H)
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u−11 (∂U)
Pα1...αn
supp(φ)
Figure 2. Domain for u1
supp(φ)
U
Pα1α2
Pα′1α2
u1
Figure 3. Domain for u1
is a trivial connection. A key property of GC is that it is T k-valued in the region
u−11 (U): Indeed, the proof of Donaldson’s Theorem 5.2 involves looking at the
evolution equation
(91) g−1
∂g
∂t
= −2iΛFg
on the bundle of metrics for the associated bundle V with the appropriate boundary
condition. However, the initial metric gH induced by H in the region u
−1
1 (U) is
already flat, so the flow is independent of t here. Thus, the solution to (91) differs
from gH in this region by a unitary transformation on each line bundle factor, so
the claim follows.
Since h is invariant under the T k action we have G∗Cφh = φh as a function
valued 1-form, and the connection GC(H˜) is induced by the weak coupling form
ωF − dφh +Kdα1 ∧ dθ1 in the region U . Expanding, we have
u∗1ωh = ωPk − φhdα1 ∧ dθ1 − dφ ∧ h− φdh ∧
h
h
+Kdα1 ∧ dθ1
where polar coordinates on the disk are given by (α1, θ1). To save notation, also
denote the above form by ωh. If we follow the reasoning of the proof of Lemma
9.1, the two-form (1 − t)ω0 + tωh = ωth is symplectic for t ∈ [0, 1]. We have
ωh − ω0 = −d(φh), so we can apply a Moser type argument to obtain an isotopy
Φt such that Φ
∗
tωth = ω0. The isotopy is the flow of a time dependent vector field
vt given by φh = ιvtωth:
vt =
(α1 − Kn+1 )φh
K − tφh− th(α1 − Kn+1 )∂α1φ
∂α1
on u∗1E. Notably, this vanishes outside u
−1
1 (U) and exchanges u
∗Lα1...αn with some
other equatorial section over a concentric circle. We take the map Φ := G−1C ◦ Φ1,
and Φ−1(u∗1E) can still be realized as topological a product via the projection
p˜i := Φ∗pi. The connection Φ−1(H˜) is flat and is prescribed by the pullback of
the weak coupling form on u−11 (U). We define J0 := Φ
∗Jh, which is the unique
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a.c.s. from Lemma 3.1 for the connection Φ−1(H˜) that fiberwise agrees with the
JI outside of u
−1(U) and Φ∗JG inside this region. 
Obviously the lemma remains true for the other disks ui and vi.
Corollary 9.1 (Vertically constant lifts, their homology classes, and transversal-
ity). There exists a vertically constant lift vˆi of vi to (E,Lα1...αn) which is Fredholm
regular, and after fixing a point vˆi = p ∈ pi−1(vi(1)) ∩ Lα1...αn the lift is unique in
its homology class. Moreover, any non-vertically constant lift has positive vertical
Maslov index.
Proof. After holomorphically trivializing u∗iP(O ⊕ . . .Oik) via Φ−1, we can take
vˆi as the restriction of the constant section uˆi(z) = p to a smaller disk D0 ⊂ D
whose boundary lies at uˆ−1i (Lα1...αn). Other holomorphic lifts v˜i other holomor-
phic lifts are given by maps w1 × w2 where [w1] generates H2(D,pi(Lα1...αn)) and
w2 : D0 → (Pk,Cliff(Pk)) is a holomorphic disk with respect to some (domain de-
pendent) tamed almost complex structure. Since it is constant in the Pk direction,
it follows that vˆi is the unique holomorphic representative of its homology class.
Moreover it follows that µ(w2) > 0 if w2 is non-constant.
Transversality at the class [vˆi] follows for every vertical almost complex structure
exactly as in the proof of Theorem 5.3. 
In the spirit of the rest of the paper, we denote vˆi =: Lvi as this Donaldson lift
of vi. The holonomy of the fibration around the boundary of each Lvi is prescribed
precisely by φh. By corollary 5.2 and the definition of h, the vertical symplectic
areas of the Lvi with respect to ωh on P(O ⊕ . . .Oik) are:
ev(Lv1) = −
∫
θ1∈[0,2pi]
h =
K
n+ 1
− α1(92)
ev(Lv2) = −
∫
θ2∈[0,2pi]
h =
K
n+ 1
− α2(93)
· · ·(94)
ev(Lvn+1) = −
∫
∆
h =
∑
i
αi − nK
n+ 1
(95)
where in the last integral ∆ ⊂ Tα1...αn is along the diagonal {θi = θj} and has a
differing sign due to reversed orientation (since vn(z) = [
a0
z ,
a1
z , . . . an]).
Similar to paragraph 9.1.2 we can derive the second order leading potential for
Lα1...αn . Let yi represent the holonomy of a representation ρ ∈ Hom(pi1(Lα1...αn),Λ2,×)
around the ith torus factor of P(α1, . . . αn), and xj is the holonomy around the jth
torus factor of the fiber Cliff(Pk). We use the integrable toric complex structure
in the base resp. fiber to write down the vertically constant disks resp. horizon-
tally constant disks. Let wi denote the disks with boundary in Cliff(Pk) as in the
classification in the beginning of this example. Lemma 9.4 provides a substitute to
Theorem 5.1 for the holomorphic trivialization in the absence of a G-connection,
and Corollary 9.1 provides a replacement for Theorem 5.3 so that the expression of
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the second order potential still has the form (54). Thus, we have
W2Lα1...αn [q, r] =
∑
j
xjr
ev(w1) +
1
x1 · · ·xk r
ev(wk+1) +
∑
i
yir
ev(Lvi)qe(vi)(96)
+
1
y1 · · · ynxβ11 · · ·xβkk
rev(Lvn+1)qe(vn+1).(97)
To avoid clutter we absorb the result of lifting the vi on the holonomy representa-
tion into a change of basis of the form yix
∗
1 · · ·x∗k 7→ yi (which is reflected in the
exponents β1, . . . βk). We observe that ev(wi) = ev(wj) since LF = Cliff(Pk) and
the form dh vanishes on the fibers (it is verti-zontal). Moreover, all of the terms
involving both q and r have the same degree by the calculations (92) and (81). As
in example 9.1 beginning at line (73), we can tensor this expression with t:
W2Lα1...αn [t] =
∑
j
xjt
ev(w1) +
1
x1 · · ·xk t
ev(wk+1) +
∑
i
yit
e(Lvi)(98)
+
1
y1 · · · ynxβ11 · · ·xβkk
te(Lvn+1).(99)
where e(Lvi) = e(Lvj) ∀i, j. Similar to the process in the Flag example starting
at (75), we can take the partial derivatives of this expression with respect to the
xi and yi variables, apply the multivariate Hensel’s Lemma 9.4 to find a unital
nondegenerate critical point. The calculation is completely analogous to one in the
next example (subsection 9.3). Finally, we apply Proposition 8.1 to see that there
is a representation η ∈ Hom(pi1(Lα1...αn),Λt) so that
H(CF (Lα1...αn ,Λt), ν
1
η,Wx∨) ∼= H∗(Lα1...αn ,Λt).
This holds for every (α1, . . . αn) ∈ U0, so it follows that the entire family of La-
grangians pi−1(U0) is Floer non-trivial and thus Hamiltonian non-displaceable by
the discussion in section 8.3.
9.3. Initially Complete Flags. The construction of the Floer-non-trivial three
torus in Flag(C3) naturally gives a way to construct non-displaceable tori in higher
dimensional flag manifolds. We carry this out here, with a warning that the indices
in the potential become quite complicated.
Let F kn be the manifold of initially complete flags V1 ⊂ · · · ⊂ Vk ⊂ Cn+1 where
dimC Vi = i. Identify this homogeneous U(n) space with some coadjoint orbit G · ξ
equipped with the U(n)-equivariant Kostant-Kirillov symplectic form ωξ(X
], Y ]) =
〈ξ, [X,Y ]〉. The corresponding weak coupling form will be scaled at each step in
the fibration Pn−k → F k+1n → F kn . We construct a Floer-non-trivial Lagrangian in
F kn by induction on k.
Theorem 9.3. There is a Lagrangian torus Lk ⊂ F kn that is unobstructed and
Floer-non-trivial.
Constructing and computing Floer theory for L2 ⊂ F 2n : We illustrate the step from
k = 1 to k = 2 to derive a model for the higher order cases. F 1n = Pn, so let us take
L1 = Cliff(Pn). There is a fibration pi2 : F 2n → Pn with fiber Pn−1, so by Theorem
9.1, there is a Tn-invariant open neighborhood U1 of Cliff(Pn) and a symplectic
connection on F 2n such that the moment map for the action of T
n ⊂ PU(n+ 1) on
pi−12 (U1) is φ ◦ pi2, where φ : Pn → tn∨ is the moment map for Pn.
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At the level set of φ ◦ pi2 that lies above Cliff(Pn), we have a symplectic trivial-
ization φ ◦ pi−12 (0) ∼= Pn−1 × Cliff(Pn). Thus, pick the Lagrangian L2 = δ−1(0) ×
Cliff(Pn) ⊂ F 2n where δ the moment map for parallel transport around Cliff(Pn), as
in the construction of L in Example 9.1. Thus, the fiber is a Clifford torus.
Next, we calculate the second order potential for L2 using Theorem 7.1 and show
that it has a critical point. Let yi be the evaluation of the local system ρ on the
first n factors, and xj be the evaluation on the last n− 1 factors. The potential for
Cliff(Pn) is as in (85) where e(ui) = e(uj) ∀i, j. The lifted potential for L2 in F 2n is
(100) L ◦ µ0Cliff(Pn)[q, r] =
n∑
i=1
yix
νiqe(ui) +
1
y1 · · · ynxν q
e(un+1)
where νi and ν are multindices with xν
i
:= x
νi1
1 · · ·x
νin−1
n−1 given by the holonomy of
the connection around the boundary of Lui. By changing the basis of pi1(L), we
can assume that νi = (0, . . . , 0). Moreover, there are no r terms since the integral
of the holonomy 1-form around the boundary of each disk is 0 by Corollary 5.2 and
construction of L2. By Theorem 7.1 the second order potential of L2 is
W2L2 [q, r] =
n∑
i=1
yiq
e(ui) +
1
y1 · · · ynxν q
e(un+1)
+
n−1∑
i=1
xir
ev(wi) +
1
x1 · · ·xn−1 r
ev(wn).
The search for a critical point yields the equations
(101) ∂yiW2L2 = qe(ui) +
−1
yi · y1 · · · ynxν q
e(un+1) = 0
and
∂xjW2L2 =
−νj
xjy1 · · · ynxν q
e(un+1)(102)
+ rev(wj) +
−1
xj · x1 · · ·xn−1 r
ev(wn) = 0(103)
Since the ui resp. wi are Maslov index 2 disks that are bounded by Cliff(Pn) resp.
Cliff(Pn−1), we have that
e(ui) = e(uj), ∀i, j
and
ev(wi) = ev(wj), ∀i, j.
With these assumptions, the system (101) gives
(104) gi := y
eixν − 1 = 0
for every i, where yei = yiy1 · · · yn. Notably this forces yi = yj , which we now
denote as y.
Next, we replace the formal variables q, r with t in (102) and (103):
−νj
xjynxν
tα + 1 +
−1
xj · x1 · · ·xn−1 = 0
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for some α > 0. Let e = (1, . . . , 1) and ej = (1, . . . ,
j
2, 1, . . . , 1), and multiply the
above equation by xν+ej :
(105) fj := x
ν+ej − xν − νjx
e
yn
tα = 0.
We are now in position to apply the multivariate version of Hensel’s lemma to solve
the system (f1, . . . fn−1, g1, . . . gn) = 0:
Theorem 9.4. [Eis04, Exercise 7.26] Let R be a ring which is complete with respect
to an ideal m and h := (h1, . . . hn) ∈ R[x1, . . . xn] a system of polynomials. If
a := (a1, . . . an) solves
h(a) ≡ 0 (mod m⊕n),
and the Jacobian Jacah is a unit in R, then there is a root b
h(b) = 0 and b ≡ a (mod m⊕n).
First, we notice that
x1 = · · · = xn−1 = ℵk := e k2piin
and
y1 = · · · yn = il,k := e
l2pii
n+1− k|ν|2piin(n+1)
gives a solution to (104), (105) mod tα for l, k ∈ Z. In order to apply Hensel’s
lemma, we need to show that the Jacobian of the system at this solution is a unit.
Let fi = (0, . . . ,
i
1, 0, . . . , 0).
∂fj
∂xi
= (νi + 1 + δij)x
ν+ej−fi − νixν−fi − νjx
e−fi
yn
tα
∂fj
∂yi
=
nνjx
e
yn+1
tα
∂gj
∂xi
= νiy
ejxν−fi if νi 6= 0 or 0 o/w
∂gj
∂yi
= (1 + δij)y
ej−fixν
For the mapping Υ(x1, . . . , xn−1, y1, . . . , yn) = (f1, . . . , fn−1, g1, . . . , gn) the ma-
trix
D
(
1
ℵk,...,
n−1
ℵk ,
n
il,k,...,
2n−1
il,k )
Υ
has entries that are listed above. This is invertible for k = 0 (among other values).
Therefore, by Hensel’s lemma there is a solution (ℵ˜1, . . . , ℵ˜n−1, i˜1, . . . , i˜n) to (104),
(105) with
ℵ˜i ≡ ℵk mod tα
i˜i ≡ il,k mod tα
for each i and fixed l, k. These solutions solve the system (101), (102).
By Theorem 8.1, there is a local system ξ such that
H(CF (L2,Λt), ν
1
ξ,Wx∨) ∼= H∗(L2,Λ(t)) 6= 0.
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Constructing Lk+1 ⊂ F k+1n : Assume we have constructed a Floer-non-trivial La-
grangian Ll ⊂ F ln for each l ≤ k < n that fibers over Cliff(Pn). The two parts of
the induction step are the construction of Lk+1 and the computation of the disk
potential.
For the construction, we first view F kn as a fibration
F k−1n−1 → F kn pik−→ Pn.
There is a Hamiltonian Tn action on F kn given by
V1 ⊂ · · · ⊂ Vk ⊂ Cn+1 7→ t · V1 ⊂ · · · ⊂ t · Vk ⊂ Cn+1.
By Theorem 9.1 there is a Tn equivariant subset V with Cliff(Pn) ⊂ V ⊂ Pn and a
symplectic connection Γ′ so that the moment map for this action on aΓ′ + pi∗kωV is
ψ ◦ pik, where ψ is the moment map for the standard Tn action on Pn.
Now, we apply the same result 9.1 to the fibration
Pn−k → F k+1n pi−→ F kn
where F kn is equipped with the adapted symplectic form as above: There is an open
set pi−1k (Cliff(Pn)) ⊂ U ⊂ F kn and a symplectic connection Γ on pi−1(U) for which
the moment map for the Tn action is ψ ◦ pik ◦ pi. Symplectically, we have that
(pik ◦ pi)−1(Cliff(Pn)) ∼= Pn−k × pi−1k (Cliff(Pn)), so we set Lk+1 = Cliff(Pn−k) × Lk
as above. Particularly, Lk is a product of k Clifford tori with the i
th factor having
dimension n− i+ 1.
Disk potential for Lk+1. Let ωk = aΓ′ + K1pi
∗
kωFS with e(u) as the energy of a
disk with respect to ωk. The induction hypothesis includes assuming that Lk is
unobstructed and Floer-non-trivial in F kn . Some notation: Let ui|j denote the j
th
holomorphic disk with boundary in the fiber of Li (the i
th Clifford torus) according
to the classification by [Cho04], and let xi|j be the corresponding evaluation of the
local system on the boundary of ui|j . Let x
f
i| := xi|1 · · ·xi|n−i+1. We assume that
the induction hypothesis gives WkLk [t], the kth order terms of µ0LK , as:
WkLk [t] =
[ ∑
1≤i≤k
1≤j≤n−i+1
xi|jte(ui|j) +
∑
1≤i≤k
1
xfi|x
νi|i+1
i+1| · · ·x
νi|k
k|
te(ui|n+2−i)
]
xM(106)
The notation of the lifting operator is suppressed, i.e. ui|j denotes Lk−iui|j where
L is the lift of a disk from (F l−1n , Ll−1) to (F ln, Ll). Here, νi|j are the exponents
corresponding to the representation evaluated on the lift Lk−iui|j from (F in, Li) to
(F kn , Lk) (and the result of the change of basis that absorbs any result of lifting ui|m
for m ≤ n+ 1− i). Since Lk is constructed from Clifford tori using Theorem 9.1 we
can assume that any vertical symplectic area vanishes and e(ui|m) = e(ui|l). If the
fiberwise symplectic form is small enough at each step, we have e(ui|l) > e(uj|m)
for i < j. With this in mind, W2Lk+1 [t] will not involve all of the variables xi|j , so
a critical point will necessarily be degenerate. Therefore, we must use Wk+1Lk+1 to
compute the Floer theory of Lk+1.
Let ωk+1 = aΓ + K2pi
∗ωk. For a J-holomorphic disk u : D → (F k+1n , Lk+1), let
ev(u) denote the energy with respect to aΓ, and e(u) the energy with respect to
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K2pi
∗ωk. After a suitable change of basis for the xi|j j ≤ n+ 1− i, the lift of (106)
is by definition
L ◦WkLk [q, r] =
∑
1≤i≤k
1≤j≤n+1−i
xi|jqe(ui|j)rev(Lui|j)(107)
+
∑
1≤i≤k
1
xfi|x
νi|i+1
i+1| · · ·x
νi|k
k| x
νi|k+1
k+1|
qe(ui|n+2−i)rev(Lui|n+2−i)(108)
By the classification of disks with boundary in Cliff(Pn−k), the argument in The-
orem 7.1, and by the induction assumption, the (k + 1)st order potential for Lk+1
is
WLk+1k+1 [q, r] =
∑
1≤i≤k
1≤j≤n+1−i
xi|jqe(ui|j)rev(Lui|j)(109)
+
∑
1≤i≤k
1
xfi|x
νi|i+1
i+1| · · ·x
νi|k
k| x
νi|k+1
k+1|
qe(ui|n+2−i)rev(Lui|n+2−i)(110)
+
n−k∑
i=i
xk+1|irev(uk+1|i) +
1
xfk+1|
rev(uk+1|n−k+1).(111)
The extension of the argument from Theorem 7.1 that applies to our case can
be summed up as follows: The term in the energy involving the connection 1-form
vanishes by the construction of L, so energy of the lifted disks is preserved. By the
proof of the theorem there are no other disks that lift from Lk and contribute the
the (k+ 1)st order potential, so we are only left with the first order terms from the
fiber.
The partial derivative of this potential with respect to the variables xk+1|j (after
tensoring with t and factoring) is
∂xk+1|jWk+1Lk+1 [t] =
∑
1≤i≤k
−νji|k+1
xfi| · · ·x
νi|k
k| x
νi|k+1+fj
k+1|
tα + 1 +
−1
xk+1|j · xfk+1|
(112)
Setting xk+1|l = e
2piim
n−k+1 for all l gives a solution to (112) = 0 (mod t). Similarly,
setting xi|j to some consistent root of unity gives a solution to
DWk+1Lk+1 = 0 (mod t)
Thus, an application of the multivariate Hensel’s lemma gives us a solution to
DWk+1Lk+1 = 0
By Theorem 8.1, there is a representation ξ ∈ Hom(pi1(Lk+1),Λt) so that the
Floer cohomology at this representation with a suitable Maurer-Cartan solution is
isomorphic to singular cohomology with Novikov coefficients. Thus Lk+1 is Hamil-
tonian non-displaceable.
References
[AS01] M. Akveld and D. Salamon. “Loops of Lagrangian submanifolds and
pseudoholomorphic disks”. In: GAFA, Geom. Func. anal. 11 (2001),
pp. 609–650. url: https://arxiv.org/abs/math/0003079v2.
66 REFERENCES
[Amo17] L. Amorim. “The Ku¨nneth theorem for the Fukaya algebra of a product
of Lagrangians”. In: Int. J. Math. 28.4 (2017), pp. 281–356.
[AD14] M. Audin and M. Damian. Morse Theory and Floer Homology. London:
Springer-Verlag, 2014.
[Aur08] D. Auroux. “Special Lagrangian fibrations, wall-crossing, and mirror
symmetry”. In: Surveys in Differential Geometry 13 (2008), pp. 1–48.
[BC09] P. Biran and O. Cornea. “Rigitity and uniruling for Lagrangian sub-
manifolds”. In: Geom. Topol. 13 (2009), pp. 2881–2989. url: https:
//arxiv.org/abs/0808.2440.
[BCa] P. Biran and O. Cornea. Lagrangian quantum homology. arXiv: 0808.
3989 [math.sg].
[BCb] P. Biran and O. Cornea. Quantum structures for Lagrangian subman-
ifolds. arXiv: 0708.4221 [math.sg].
[BK11] P. Biran and M. Khanevsky. “A Floer-Gysin sequence for exact La-
grangian submanifolds”. In: Commentarii Mathematici Helvetici 88.4
(2011). url: https://arxiv.org/abs/1101.0946v1.
[BF04] A.V. Bolsinov and F.T. Fomenko. Integrable Hamiltonian Sytems. Boca
Raton, Florida: CRC press, 2004.
[Bor13] M.S. Borman. “Quasi-states, quasi-morphisms, and the moment map”.
In: International Mathematics Research Notices 11 (2013), pp. 2497–
2533. url: https://arxiv.org/abs/1105.1805.
[BO13] F. Bourgeois and A. Oancea. “The Gysin exact sequence for S1-equivariant
symplectic homology”. In: J. Topol. Anal. 5.5 (2013), pp. 361–407.
[CW17] F. Charest and C. Woodward. “Floer trajectories and stabilizing divi-
sors”. In: Jour. Fixed Point Theory 19.2 (2017), pp. 1165–1263.
[CW] F. Charest and C. Woodward. Floer cohomology and flips. arXiv: 1508.
01573v4 [math.SG].
[Cho04] C.-H. Cho. “Holomorphic disks, spin structures, and the Floer coho-
mology of the Clifford torus”. In: International mathematics research
notices 35 (2004), pp. 1803–1843.
[CO06] C.-H. Cho and Y.-G. Oh. “Floer cohomology and disk instantons of
Lagrangian torus fibers in Fano toric manifolds”. In: Asian J. Math.
10.4 (2006), pp. 773–814. url: https : / / arxiv . org / abs / math /
0308225.
[CKO] Y. Cho, Y. Kim, and Y.-G. Oh. Lagrangian fibers of Gelfand-Cetlin
systems. arXiv: 1704.07213 [math.sg].
[CM07] K. Cieliebak and K. Mohnke. “Symplectic hypersurfaces and transver-
sality in Gromov-Witten theory”. In: J. Symplectic Geom. 3.5 (2007),
pp. 281–356.
[Don92] S.K. Donaldson. “Boundary problems for Yang-Mills fields”. In: Jour-
nal of geometry and physics 8 (1992), pp. 89–122.
[DK90] S.K. Donaldson and Kronheimer. The Geometry of Four-Manifolds.
New York: Oxford University Press, 1990.
[Eis04] D. Eisenbud. Commutative algebra. New York: Springer-Verlag, 2004.
[Fuk10] K. Fukaya. “Cyclic symmetry and adic convergence in Lagrangian
Floer theory”. In: Kyoto J. Math 50.3 (2010), pp. 521–590.
REFERENCES 67
[FOOO08] K. Fukaya, Y.-G. Oh, H. Ohta, and K. Ono. “Lagrangian Floer the-
ory on compact toric manifolds II: Bulk Deformations”. In: Selecta
Mathematica 17.3 (2008).
[FOOO09] K. Fukaya, Y.-G. Oh, H. Ohta, and K. Ono. Lagrangian Intersection
Floer Theory: Anamoly and Obstruction., volume 46 of AMS/IP Stud-
ies in Advanced Mathematics. Providence, RI: American Mathematical
Society, 2009.
[FOOO10] K. Fukaya, Y.-G. Oh, H. Ohta, and K. Ono. “Lagrangian Floer theory
on compact toric manifolds I”. In: Duke Math. J. 151.1 (2010), pp. 23–
175.
[FOOO11] K. Fukaya, Y.-G. Oh, H. Ohta, and K. Ono. “Torus degeneration and
non-displaceable Lagrangian tori in S2 × S2”. In: Int. Math. Res. No-
tices 13 (2011), pp. 2942–2993.
[Gro85] M. Gromov. “Pseudo holomorphic curves in symplectic manifolds”. In:
Invent. Math. 82 (1985), pp. 307–347.
[GLS96] V. Guillemin, E. Lerman, and S. Sternberg. Symplectic Fibrations and
Multiplicity Diagrams. Cambridge: Cambridge University Press, 1996.
[Hut08] M. Hutchings. “Floer homology of families I”. In: Algbr. Geom. Topol.
8.1 (2008), pp. 435–492.
[MS04] D. McDuff and D. Salamon. J-holomorphic curves and symplectic topol-
ogy. Providence, RI: American Mathematical Society, 2004.
[MS17] D. McDuff and D. Salamon. Introduction to Symplectic Topology. Ox-
ford, UK: Oxford University Press, 2017.
[NNU10] T. Nishinou, Y. Nohara, and K. Ueda. “Toric degenerations of Gelfand-
Cetlin systems and potential functions”. In: Adv. in Math. 224.2 (2010),
pp. 648–706.
[Oan06] A. Oancea. “The Kunneth formula in Floer homology for manifolds
with restricted contact type boundary”. In: Math. Ann. 334.1 (2006),
pp. 65–89.
[Oan08] A. Oancea. “Fibered symplectic cohomology and the Leray-Serre spec-
tral sequence”. In: J. Symplectic Geom. 6.3 (2008), pp. 267–351.
[Oh93] Y.-G. Oh. “Floer cohomology of Lagrangian intersections and psuedo-
holomorphic disks I”. In: Comm. Pure App. Math. 46 (1993), pp. 949–
994.
[Oh] Y.-G. Oh. “Floer cohomology, spectral sequences, and the Maslov class
of Lagrangian embeddings”. In: International Mathematics Research
Notices 1996.15 (), pp. 305–346.
[Pab15] M. Pabiniak. “Displacing (Lagrangians) in the manifolds of full flags”.
In: Adv. in Geom. 15.1 (2015), pp. 101–108.
[Per] T. Perutz. A symplectic Gysin sequence. arXiv: 0807.1863 [math.sg].
[Rit14] A. Ritter. “Floer theory for negative line bundles via Gromov-Witten
invariants”. In: Adv. in Math. 262.10 (2014), pp. 1035–1106.
[Sch] D. Schultz. A Leray-Serre spectral sequence for Lagrangian Floer the-
ory. arXiv: 1701.07788 [math.SG].
[Sei00] P. Seidel. “Graded Lagrangian Submanifolds”. In: Bulletin de la Socie´te´
Mathe´matique de France 128.1 (2000), pp. 103–149.
68 REFERENCES
[TV18] D. Tonkonog and R. Vianna. “Low area Floer theory and non-displaceability”.
In: Jour. Symplectic Geometry 16.5 (2018), pp. 1409–1454. url: https:
//arxiv.org/abs/1511.00891.
[Via18] R. Vianna. “Continuum families of non-displaceable Lagrangian tori in
(CP 1)2m”. In: Journal of Sympectic Geoemetry 16.3 (2018), pp. 857–
883. url: https://arxiv.org/abs/1603.02006.
[WW13] C. Woodward and G. Wilson. “Quasimap Floer cohomology for varying
symplectic quotients”. In: Canadian Jour. of Math. 65 (2013), pp. 467–
480. url: https://arxiv.org/abs/1105.0712.
Department of Mathematics, Humboldt Universita¨t zu Berlin, Germany 12489
E-mail address: sultzdou@math.hu-berlin.de
